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Abstract. We construct a new class of Iwasawa modules, which are the num- 
ber field analogues of the p-adic realizations of the Picard 1-motives con- 
structed by Deligne in [6] and studied extensively from a Galois module struc- 
ture point of view in our previous work 1131 and 1 121 . We prove that the new 
Iwasawa modules are of projective dimension 1 over the appropriate profinitc 
group rings. In the abelian case, we prove an Equivariant Main Conjecture, 
identifying the first Fitting ideal of the Iwasawa module in question over the 
appropriate profinite group ring with the principal ideal generated by a certain 
equivariant p— adic L-function. This is an integral, equivariant refinement of 
the classical Main Conjecture over totally real number fields proved by Wiles in 
1341 . Finally, we use these results and Iwasawa co-descent to prove refinements 
of the (imprimitive) Brumer-Stark Conjecture and the Coates-Sinnott Conjec- 
ture, away from their 2-primary components, in the most general number field 
setting. All of the above is achieved under the assumption that the relevant 
prime p is odd and that the appropriate classical Iwasawa fi— invariants vanish 
(as conjectured by Iwasawa.) 



1. Introduction 

Let us consider the data (/C, S, T,p), where p is an odd prime, /C is the cyclotomic 
Zp-extension of a number field K (i.e. /C is a Z p -field, in the terminology of 
|15jV and S and T are two finite sets of finite primes in K,. We assume that 
T n (S U S p ) — 0, where S p is the set of p-adic primes in /C. Also, let us assume 
that Iwasawa's ^-invariant conjecture holds for K and p, i.e. we have /j.k,p = 0, 
where ^K,p is the classical Iwasawa /i-invariant associated to K and p. 

The main goals of this paper are threefold: 

Firstly, for any data (lC,S,l~,p) as above, we construct a new class of Iwasawa 
modules T p (Mg r ) which are Z p -free of finite rank (see §3 below.) We study 
the Z p [[C7]]-module structure of these modules, under the assumption that K, is of 
CM-type, K. is a Galois extension of a totally real number field k of Galois group 
Q := Gal(£/fc), the sets S and T are ^-invariant, T ^ and S contains the finite 
primes which ramify in IC/k. In this context, we prove that 



(1) pd Zp[[g]] -T p (M% r ) 
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whenever T p (A4g ^ 0. (See Theorem 14.61 below.) If Q is abelian, then the 
equality above implies that the first Fitting ideal Fit% p [[g^~ T p (Mg is principal 
(see Proposition 17. 2f 1) below.) This brings us naturally to our next goal, namely 
the construction of a canonical generator of this ideal. 

Secondly, working under the additional assumption that Q is abelian, we con- 
struct an equivariant p-adic L-function G Z p [[5]]~ (see ij5.2l below1 and prove 
the following Equivariant Main Conjecture - type equality. 

(2) Fit Zp[[g]] -T p (M^ r )- = eg • Z P [[G]]-. 

(See Theorem 15.61 below.) This refines the classical Main Conjecture proved by 
Wiles in [M] in the following precise sense. 

For simplicity, let us assume that JC contains the group fi p <^ of p-power roots of 
unity. Then, under our working assumption that [Ik, p = 0, Wiles's main theorem 
in [32] can be restated as follows. 

(3) FitQ P ( Zp[ [e]]-)(Q P ®z P ££(-1)*) = ©g • QMIGT), 

where Q p (Z p [[C/]]~) := Q p ®% p "L p [[Q]}~ , 3Z$ is the classical Iwasawa module given 
by the Galois group of the maximal pro-p abelian extension of K,, unramified away 
from S U S p , and is a canonical elemenlQ in Q p (Z p [[£/]]") constructed out of 

the ^-imprimitive p-adic L-functions associated to IC/k. 

A naive integral refinement of Wiles's result would aim for a calculation of 
Fitg [[g]]-(^s(~ 1)*) in terms of p-adic L-functions. Unfortunately, the Z p [[(/]]" 
module X^(~ 1)* is only very rarely of finite projective dimension. Consequently, 
its Fitting ideal is not principal and difficult to compute, in general. However, we 
prove that there is an exact sequence of Z p [[£/]]" -modules 

(4) o T p (Ax;,r)-/Zp(l) T p {M% tT )~ - 3E+(-l)* . 

(See H3. 31 below for the proof and notations.) So, the new modules T p (A4g T )~ arc 
certain extensions of the classical modules 3tg(— 1)* by T p (A^ ! 7-) _ /Z p (l). These 
modules happen to be of projective dimension 1 over Z p [[(?]] _ . Also, a consequence 
of the definition of the equivariant p-adic L-function Qg^ is that 

(5) e< ? ~> = 0£ o) -2>£ o) ) 

where T>^°^ is a non zero-divisor distinguished generator0 of the Fitting ideal 
Fit Q P (z P [[e]]-)(^ P (AK,r)"/Z P (l) Cg) Zp Q P ). Since Fitting ideals over Q P (Z P [[£]]") 
are multiplicative in short exact sequences, by way of (J4J)— d5j) our main theorem (|2|) 
"tensored with Q p " (i.e. base-changed from the integral group ring Z p [[<?]]" to the 
rational one Q p (Z p [[£/]]~)) is equivalent to Wiles's main theorem (J3J). 

Finally, we use our main theorems (1) and (2) and Iwasawa co-descent to prove 
refinements of the (imprimitive) Brumer-Stark Conjecture (see Theorem 16 . 51 below) 
and the Coates-Sinnott Conjecture (see Theorem 16.111 and Corollary 16. 191 below), 
away from their 2-primary component, in the most general number field setting. 

^The reader can easily check that <5<j = (t o t\)(Gs), with notations as in £15.21 
2 The reader can easily check that 2^° ' = <5y°°^/(t o t\)(Hs), with notations as in £15.21 
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The main ideas and motivation behind the construction of the new Iwasawa 
modules T p (A4g <j-) are rooted in Deligne's theory of 1-motives (see [6]) and in our 
previous work |13| on the Galois module structure of p-adic realizations of Picard 
1-motives. Also, we were strongly motivated and inspired by the Deligne-Tate 
proof of the Brumer-Stark Conjecture in function fields via p-adic realizations of 
Picard 1-motives. (See Chapter V of |32|.) 

In [13], we consider the Picard 1-motive Mgj- associated to a smooth, projective 
curve X defined over an arbitrary algebraically closed field k and two finite, disjoint 
sets of closed points S and Tonl. We study the Galois module structure of its p- 
adic realizations T p (Ai| r ) in finite G-Galois covers X — > Y of smooth, projective 
curves over k, in the case where S contains the ramification locus of the cover and 
S and T are G-invariant. In particular, if k — ¥ q , for some finite field ¥ q , and the 
data {X — > Y, S, T) is defined over ¥ q , with Y = Yq Xp ¥ q , for a smooth, projective 
curve Yq over ¥ q , then we prove that 

(6) pd Zp[[g]] T p (Ml T ) = 1, Fit Zp[[g]] T p (Ml T ) = Z P [[G}} ■ e^^ 1 ), 

for all primes p, where Q := G&\{¥ q (X) /¥ q (Yo)), 7 is the g-power arithmetic Frobe- 
nius (viewed in Q) and 6s,t(7 _1 ) is an equivariant L-function which is the exact 
function field analogue of 8^™' . Theorem 14.61 (equality ([TJ above) is the number 
field analogue of the first equality in ^ , while Theorem 15.61 (equality @ above) is 
the number field analogue of the second equality in ([6]). Wiles's Theorem (equality 
(j3]) above) is equivalent to the number field analogue of Theoreme 2.5 in Ch.V of 
[32] ■ The second equality in (|6]) is a natural integral refinement of Theoreme 2.5 
in loc.cit. Further, in [13], we use the second equality in ([6]) and Galois co-descent 
with respect to Gal(F g /F g ) to prove refinements of the Brumer-Stark and Coates- 
Sinnott Conjectures in function fields. In the number field case, these tasks are 
achieved with almost identical techniques, in Theorems 16.51 and 16.111 below. 

In i j2.ll below, we define a category of purely algebraic objects which we call 
"abstract 1-motives" . This category is endowed with covariant functors T p to the 
category of free Z p -modules of finite rank, called p-adic realizations, for all primes 
p. Two particular examples of abstract 1-motives are Deligne's Picard 1-motives 
M-sj- and their number field analogues Mg T , constructed in H3.ll The Iwasawa 
module T p (A4g T ) of interest in this paper is the p-adic realization of A4g T , and 
it is the number field analogue of T p (A4g -7-). 

The paper is organized as follows. In ij2j we define the category of abstract 1- 
motives and lay down the number theoretic groundwork necessary for constructing 
the abstract 1-motive Ai'g-j-. In $3] we construct the abstract 1-motive Ai^ -j-, 
show that its p-adic realizations T p (Ai^ j-) have a natural Iwasawa module struc- 
ture and link these to the classical Iwasawa modules X^(— 1)*, under the appropri- 
ate hypotheses. In g] we prove the projective dimension result, ([1]) above. In SJ5] 
we prove the Equivariant Main Conjecture, ^ above. In ^5] we use the results ob- 
tained in the previous sections to prove refined version of the (imprimitive) Brumer- 
Stark Conjecture and the Coates-Sinnott Conjecture, away from their 2-primary 
components, in the general number field setting. The paper has an Appendix (§7), 
where we gather various homological algebra results needed throughout. 
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In upcoming work, we will give further applications of the results obtained in 
this paper and its function field companion [13j in the following directions: I. An 
explicit construction of ^-adic models for Tate sequences in the general case of 
global fields; II. A proof of the Equivariant Tamagawa Number Conjecture for 
Dirichlet motives, in full generality for function fields, and on the "minus side" 
and away from its 2-primary part for CM-extensions of totally real number fields. 
A proof of the Gross-Rubin-Stark Conjecture (a vast refined generalization of the 
Brumer-Stark Conjecture, see Conjecture 5.3.4 in [23]) will ensue in the cases listed 
above; III. Finally, we will consider non-abelian versions of the Equivariant Main 
Conjectures proved in this paper and |13) . 

Acknowledgement. The authors would like to thank their home universities for 
making mutual visits possible. These visits were funded by the DFG, the NSF, and 
U. C. San Diego. 

2. Algebraic and number theoretic preliminaries 

2.1. Abstract 1— motives. Assume that J is an arbitrary abelian group, m is a 
strictly positive integer and p is a prime. We denote by J[m] the maximal re- 
torsion subgroup of J and let J[p°°} := U m J[p m }. As usual, T p (J) will denote the 
p-adic Tate module of J. By definition, T P (J) is the Z p -module given by 

T P (J) :=HmJ[p n ], 

n 

where the projective limit is taken with respect to the multiplication-by-p maps. 
There is an obvious canonical isomorphism of Z p -modules 

T P (J) ~ Hom Zp (Q p /Z p , J) = Hom Zp (Q p /Z p , J[p°°]) . 

Now, let us assume that J is an abelian, divisible group. J is said to be of finite 
local corank if there exists a positive integer r p (J) and a Z p -module isomorphism 

J[p°°] ~ (Q p /Z p ) r " (J) , 

for any prime p. The integer r p (J) is called the p-corank of J. Obviously, in this 
case, we have T p (J) ~ Zp p ^ J \ for all primes p. Further, one can use the "Hom"- 
description of T p (J) given above combined with the injectivity of the Z p -module 
J[p°°] to establish canonical Z p -module isomorphisms 

T p (j)/ P n T p (j) ~ in 

for all primes p and all n £ Z>i. (See Remark 3.8 in [13] for these isomorphisms.) 
Definition 2.1. An abstract 1-motive A4 := [L — J] consists of the following. 

• A free Hi-module L of finite rank (also called a lattice in what follows); 

• An abelian, divisible group J of finite local corank; 

• A group morphism S : L — > J. 

In many ways, an abstract 1-motive M enjoys the same properties as an abelian, 
divisible group of finite local corank. Namely, for any n £ Z>i and any prime p, 
one can construct an n-torsion group M. [n] , a p-divisible p-torsion group of finite 
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corank .M[p°°], and a p-adic Tate module (or p-adic realization) T P (M), which is 
Zp-free of finite rank. This is done as follows. 

For every n £ Z>i, we take the fiber-product of groups J x" L, with respect 

to the map L — ^ J and the multiplication by n map J — J. An element in 
this fiber product consists of a pair (j, A) e JxL, such that nj = <5(A). Since 
J is a divisible group, the map J J is surjective. Consequently we have a 
commutative diagram (in the category of abelian groups) whose rows are exact. 

>- J\ 



0- 



n 



n 



-»-0 



— J- 



^0 



Definition 2.2. TTie (?rowp M[n] of n-torsion points of M is defined by 

M[n] := (J x n j L)®Z/nZ. 

Since L is a free Z-module, the rows of the above diagram stay exact when tensored 
with Z/nZ and Z/mZ, respectively. Consequently, we have commutative diagrams 
with exact rows 







J[m] 



■M 



0- 



m/n 



■M\n] 



■ L ® Z/mZ ■ 



^0 



0. 



for all n, m G N, with n | m, where the left vertical map is multiplication by m/n, 
the right vertical map is the canonical surjection and the middle vertical map is 
the unique morphism which makes the diagram commute. This middle vertical 
morphism maps (J, X) <g> 1 to (m/n ■ j, A) 1 and, in what follows, we refer to it as 

the multiplication-by-m/n map n . 

Definition 2.3. For a prime p, the p-adic Tate module T p (M) of M. is given by 

T p {M) = limM\p n ], 

where the projective limit is taken with respect to the surjective multiplication-by^p 
maps described above. 

This way, for every prime p, we obtain exact sequences of free Z p -modules 



— > T P (J) — > T p (M) — > L (g)Z p — 

Clearly, we have an isomorphism of Z p -modules T p (A4) 
r p (J) is the p-corank of J and rk^£ is the Z-rank of L. 



0. 



z (r p (J)+rk z Z,) 5 where 



For n, m 6 Z>i with n \ m, one also has commutative diagrams with exact rows 
=- J[m] M[m] >■ L ® Z/mZ > 



■M[r 



■0, 
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with injective vertical morphisms described as follows: the left-most morphism is 
the usual inclusion; the right-most morphism sends \®x to A(g>m/n ■ x; the middle 
morphism sends (j, A) ® 1 to (j, m/n ■ A) <S> 1. Now, if p is a prime number, we define 

M[p°°] :=KmM[p m ], 

m 

where the injective limit is taken with respect to the injective maps described above. 
Obviously, M \p°°] is a torsion, p-divisible group which sits in the middle of an exact 
sequence 

— >• J[p°°] -^M\p°°]^L® Q p /Z p — ► , 

and whose p-corank equals {r p (J) + rk^i). It is not difficult to see that there are 
canonical Z p -module isomorphisms 

(7) T P (M) ~ T p (M [p°°]), T p (M ) / P n T p (M) ~ M \p n ] , 

for all n e Z>i. 

Remark 2.4. For a given prime p, one can define an abstract p-adic 1-motive 
M := [L —> J] to consist of a Zp-module morphism 8 between a free Zp-module 
of finite rank L and a p-divisible Z p -module of finite corank J. Obviously, the 
constructions above lead to a p-divisible group Adty 00 ] and a p-adic Tate module 
Tp(Ai) ~ Tp(Ai[p°°}) , for any abstract p-adic 1-motive A4. Any abstract 1-motive 

A4 := [L — J] gives an abstract p-adic 1-motive 

M p := [L®Z V S -H J®Z p ], 
for every prime p. It is easy to show that there are canonical isomorphisms 

M[p n ] ~ M p [p n ], T P (M) ~ T p {Mp), 
for all primes p and all n G Z>\. 

Definition 2.5. A morphism f : M! — > M between two abstract (respectively, 

abstract p-adic) 1-motives M' := [V J'] and M := [L —t J] is a pair 
f := (A, l) of group (respectively, Z p -module) morphisms A : L' L and i : J' — > J, 
such that i o 6' = 6 o A. 

Now, it is clear what it is meant by composition of morphisms and the category 
of abstract (respectively, abstract p-adic) 1-motives. It is easy to see that any 
morphism / = (A, b) as in the definition above induces canonical Z/mZ-module 
and Zp-module morphisms 

f[m] : M'[m] -> M[m], T p (f) : T p (M') -> T p (M) , 

respectively, for all the appropriate m and p. Moreover, the associations / — > f[m] 
and / — > Tp(f) commute with composition of morphisms, so we obtain functors 
from the category of abstract (p-adic) 1-motives to that of Z/mZ-modules and 
Zp-modules, respectively, for all m and p as above. A consequence is the following. 

Remark 2.6. If R is a ring, L and J are (say, left) R-modules and the map 6 is 
R-linear, then the groups A4[m], T p (A4), A4[p°°] associated to the abstract (p-adic) 

1-motive Ai := [L — —t J] are naturally endowed with R-module structures. Also, 
all the above exact sequences can be viewed as exact sequences in the category of 
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R-modules. This observation will be of particular interest to us in the case where 
R is either a group algebra or a profinite group algebra with coefficients in Z or 1 V . 

Example 2.7. In the case where J :— A(k) is the group of n-rational points of 
a semi-abelian variety A defined over an algebraically closed field k and L is an 
arbitrary lattice then, for any group morphism S : L —> A(k), the abstract \ -motive 

M:=[L^ J] is precisely what Deligne calls a 1-motive in [6]. 

In particular, let X be a smooth, connected, projective curve defined over an 
algebraically closed field k, and let S and T be two finite, disjoint sets of closed 
points on X. Let Jj- be the generalized Jacobian associated to (X,T). We remind 
the reader that Jj- is a semi-abelian variety (an extension of the Jacobian Jx of X 
by a torus tj- ) defined over n, whose group of n-rational points is given by 

j (k} = Div°(A\T) 

Jr[ ' {div(f)\f€K(X)x, f(v) = l,VveT}' 

Here, Div°(A \ T) denotes the set of X -divisors of degree supported away from 
T and div(/) is the divisor associated to any non-zero element f in the field k(X) 
of K-rational functions on X. The group Jt{k) is divisible, as an extension of the 
divisible groups Jx{k) and t-t(k). Its local coranks satisfy 

2gx+\T\-l, p^char(K); 
lx, p = char(K), 

where gx and "fx are the genus and Hasse-Witt invariant of X, respectively. (See 
§<? in [13] for the definitions and the above equality.) 

If Div° (5) is the lattice of divisors of degree on the curve X supported on S 
and S : Div°(5) —¥ Jt( k ) * s the usual divisor-class map, then the abstract 1-motive 



p-corank (Jj-(k)) 



is called the Picard 1-motive associated to (X, S,T, k). Its i-adic realizations 
<f.r) 



Ti(M.gj-)j f or all primes £, were extensively studied in [13] 



In this paper, we will construct a class of abstract 1-motives which arises natu- 
rally in the context of Iwasawa theory of number fields. These should be viewed as 
the number field analogues of the Picard 1-motives M.§ j- described in the exam- 
ple above. As we will see in the next few sections, their £-adic realizations satisfy 
similar properties to those proved to be satisfied by T((Aig j-) in [13] . 

2.2. Generalized ideal— class groups. Let p be a prime number. In what follows, 
we borrow Iwasawa's terminology (see [15] ) and call a field K, a Tip-field if it is the 
cyclotomic Z p -extension of a number field. If a Z p -field /C contains the group /x p oc of 
p-power roots of unity, then it is called a cyclotomic Z p -field. A Z p -field K. is said to 
be of CM-type if it is the cyclotomic Z p -extension of a CM-number field K. This is 
equivalent to the existence of a (necessarily unique) involution j of K, (the so-called 
complex conjugation automorphism of K.), such that its fixed subficld K + := /C J=1 
is the cyclotomic Z p -extension of a totally real number field. The uniqueness of j 
with these properties makes it commute with any field automorphism of K,. 

For the moment, K, will denote either a number field or a Z p -field, for some 
fixed prime p. As usual, a (finite) prime in /C is an equivalence class of valuations 



8 



C. GREITHER AND C. D. POPESCU 



on /C. If /C is a number field, all these valuations are discrete of rank one (with 
value group isomorphic to ( Z, +) with the usual order.) If 1C is a Z p -field, then its 
valuations are either discrete of rank one, if they extend an £-adic valuation of Q, 
for some prime £ ^ p, or they have value group isomorphic to ( Z[l /p], +) with the 
usual order, if they extend the p-adic valuation on Q. For every K, and v as above, 
we pick a valuation ord„ in the class v as follows. 

• If /C is a number field, then ord„ is the unique valuation in the class v whose 
strict value group T v := ord„(/C x ) satisfies r„ = Z. Note that if /C//C' is an 
extension of number fields and v and v' are finite primes in K, and K,' , with v 
dividing v' , then we have a commutative diagram 

(8) £x^-r„ 



c 



X e{y/v') 



ord,,/ 
K, 1 v' j 

where e(v/v') :~ [T v : oid v (K.' x )] is the usual ramification index. 

• If K, is a Zp-field, then we denote by vk the prime sitting below v in any 
number field K contained in K,. We let r„ := liin^r^ , where the limit is viewed 
in the category of ordered groups and is taken with respect to all number fields K 
contained in K, and the (ordered group morphisms given by) multiplication by the 
ramification index maps in the diagram above. Then, since /C x = lirn K x , where 
the limit is taken with respect to the inclusion morphisms, we can define 



ord„ : K, y — > Y v , ord.„ := lirn.. ord 



K 



It is easy to check that ord„ is a valuation on K, in the class v and that r„ = 
ord 1 ,(/C x ). As a consequence of the existence of a number field K, with K C /C, 
such that K./K is a Z p -extension totally ramified at all p-adic primes v in K and 
unramified everywhere else, there are non-canonical ordered group isomorphisms 

r v ~z[i/p], r„~z, 

respectively, depending on whether v sits above the p-adic prime in Q or not. Also, 
for any (necessarily finite) extension K./K,' of Z p ~fields, we have a commutative 
diagram identical to (jHJ above. 

For any field K, as above, its (additive) divisor group is given by 

Viv K :=Q)T V -v, 

V 

where the direct sum is taken with respect to all the finite primes in K,. Let T be 
a finite (possibly empty) set of finite primes of JC, which is disjoint from the set S p 
consisting of all the primes in K. extending the p-adic valuation of Q. We let 

ViVK.T ■= r « • v, K% := {x e /C x ord v (x- 1) > 0,Vw G T} . 

The usual divisor map associated to K, induces a group morphism 

div/c ■ K,?j- — > Vivic,Tj divjc(x) = ordt,(a;) ■ v — otA v (x) ■ v , 

v v^T 
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whose kernel is the following subgroup of the group Ujc of units in JC. 

Ujc,t ■= {u€U)c\ ord„(u - 1) > , for all v e T}. 
To JC and T as above, we associate the following generalized ideal-class group 

c _ VivK,T 

If JC/JC' is a finite extension of fields as above and T' is the set of primes in JC' 
sitting below primes in T, then we have an injective group morphism 

T>ivic,T' — ^ W!)k,Ti v ' e(v/v') ■ v, 

v\v' 

where the sum is taken over all the primes v of JC sitting above the prime v' in 
JC' '. This morphism is compatible with the divisor maps (see diagram ([5])) and it 
induces a (not necessarily injective) group morphism Ck,',T' — ► C/c,r at the level of 
generalized ideal class-groups. It is easy to check that 

K K 

where the limits are taken with respect to all number fields K C JC and Tk is the 
set of primes in K sitting below primes in T . In particular, let us assume that 
JC is the Zp-cyclotomic extension of a number field K and write it as a union of 
number fields JC = U n K n , where K n is the unique intermediate field K C K n C K, 
with [K n : K] — p n . Then, since the set {K n | n > 1} is cofinal (with respect to 
inclusion) in the set of all number fields contained in IC, we have group isomorphisms 

(9) \vaiVivK n ,T n — T>ivic,T, lim Ck„,t„ — G k ,t , 

n n 

where T„ is the set of primes in K n sitting below those in T and the injective limits 
are taken with respect to the morphisms described above. 

If 7" = 0, then we drop it from the notation arriving this way at the classical 
group of units Uk. and ideal-class group Cjq associated to /C. Let 

Ak,T :=0 K («)\ 

where k(v) denotes the residue field associated to the prime v. It is easy to see that 
for any T as above we have an exact sequence of groups 

(10) U K lXJ K . r ^ A K ,r ^ C K . T ^ C K ^ 0. 

If K is a number field, the exact sequence above is described in detail in [26] or [24], 
for example. If /C is the cyclotomic Z p -extension of a number field K, then the 
exact sequence above is obtained by taking the injective limit of the corresponding 
sequences at the finite levels K n with respect to the obvious transition maps. If K, 
is a number field, (fTU|) shows that Ck,,t i s finite. In that case, the Artin reciprocity 
map associated to JC establishes an isomorphism between C/c.t and the Galois 
group of the maximal abelian extension of JC which is unramified away from T and 
at most tamely ramified at primes in T (see [26].) In the case of a Z p -field JC, the 
second isomorphism in (|9]) shows that C/e,r is a torsion group. 
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Throughout the rest of this section, /C is a Z p -field, for some prime p. We let 
A K ■= C K ® 7L V , A K .x ■= C K ,r ® Z P > 

for any T as above. A classical theorem of Iwasawa (see [15], pp. 272-273 and the 
references therein) shows that there is an isomorphism of groups 

A K ~(Q P /Z P )^®A\ 

where Ax; is a positive integer which depends only on JC, called the A-invariant of K 
and A 1 is a torsion Z p -module of finite exponent. Iwasawa conjectured that A' is 
trivial (see loc. cit.). This conjecture is equivalent to the vanishing of the classical 
Iwasawa /z-invariants fJ-ic/K '■— ^K,p associated to p and all number fields K such 
that K, is the cyclotomic Z p -extension of K. For a given Z p -field K,, although fi/c/K 
depends on the chosen K with the above properties, its vanishing is independent 
of that choice. The vanishing is known to hold if K, is the cyclotomic Z p -extension 
of an abelian number field (see [9].) In what follows, if K. is a Z p -field, we write 
file = to mean that /U/e/K = 0, for all (one) K as above. 

Now, assume that K, is of CM-type and j is its complex conjugation automor- 
phism. Assume that the prime p is odd. For any Z-module M endowed with a 
j-action (called a j-modulc in what follows) and on which multiplication by 2 is 
invertible, we let Af ± := ^(1 ± j) ■ M denote the ±-eigenspaces of j on M. We 
have a direct sum decomposition M — M~ © M + and the two functors M — >• 
are obviously exact. In particular, if we take M := Ajc, we obtain a direct sum 
decomposition and Z p -module isomorphisms 

A K = A K ® A+, A K ~ (Q P /Z P ) A ^ © A'-, A+ ~ (Q P /Z p ) A i © X+, 

where A^ are positive integers such that Ax; = A^ + A^t, and A^ are torsion Z p - 
modules of finite exponent, such that A' — A + © A ~. Also, if the set of primes T 
above is j-invariant, then (|10[) is as an exact sequence in the category of j-modules. 
Consequently, we obtain two exact sequences of Z p -modules: 
(11) 

(UkIUk.j ® z P ) ± — *■ (Ar,r ® z P ) ± — *- ^k,t — *■ — *■ o. 

Lemma 2.8. Let K. be a Zp-field and T a finite, non-empty set of finite primes 
in 1C, disjoint from the set of p-adic primes S p . Then the following hold. 

(1) The module Ax;,t®^p is p-torsion, divisible, of finite corank denoted <5jc,t- 

(2) If /ix; = 0, then the module Ajc,t * s p-torsion, divisible, of corank at most 

+ <5/c,T- 

(3) If K, is of CM-type, p is odd, T is j -invariant, and /ix: = 0, then the module 
Afc j- is p-torsion, divisible, of corank 

A K + S K,T ~ fc, 

where Sj^j- := corank (Ax;, t ® ^p)^ an d ^K. = 1» */ ^ is a cyclotomic 
Tjp-field and 5k, = 0, otherwise. 

Proof. (1) Assume that /C is the cyclotomic Z p -extension of a number field K, let 
v G T and let vo be the prime in K sitting below v. Since v £ S p , the prime 
wo splits completely up to a finite level K n in K./K and remains inert in K,/K n . 



AN EQUIVARIANT MAIN CONJECTURE 



11 



As a consequence, the residue field k(v) associated to v is a Zp-extension of the 
finite field k(vq). Consequently, the p-primary part k(v) x (&1 v of the torsion group 
k(v) x either equals the group fi p <x of all the p-power roots of unity or it is trivial, 
according to whether k(vo) x contains fi p or not. Consequently, 

where Sjc,t is the number of primes v € T, such that fi p C n(v) x . Of course, if JC 
is a cyclotomic Zp-field, then <5jc,t — I 7" I- This is because no non-trivial p-power 
root of unity is congruent to 1 modulo a non p-adic prime v, so the reduction mod 
v maps ^tpoo — > k(v) are injective, for all v ^ S p , in particular for v e T. 

Part (2) is a consequence of part (1), exact sequence (|T0|). and the fact that the 
category of p-torsion, divisible, groups of finite corank is closed under quotients 
and extensions. 

Under the hypotheses of part (3), we obviously have 

(12) (u K ®z p )- =/vo n/C x ~ (Qp/Zp)^. 

Since Tn S p = 0, this implies that (Uk,t ® Z p )~ is trivial. In light of these facts, 
part (3) is a direct consequence of exact sequence dTTJ) . □ 

Now, assume that JC is the cyclotomic Z p -extension of the number field K and 
that JC is of CM-type. Then, every intermediate field K n is a CM-number field 
whose complex conjugation automorphism is the restriction of the complex conju- 
gation j of JC to K n and will be denoted by j as well in what follows. For a finite 
set T of finite primes in JC, disjoint from S p , we denote by T n the set of primes in 
K n sitting below primes in T, for all n > 0. We let 

Ak„ ■= Ck„ ® Z p , A-k„,t„ ■= CK n .T n ® Zp . 
If p is odd and the set T is j-invariant, then we can split these Z p -modules 

into their ±-eigenspaces with respect to the j-action. 
Lemma 2.9. Under the above hypotheses, the natural maps 

are injective, for all n > 0. 

Proof. If T = 0, this is Prop. 13.26 in [33]. The general case follows from the case 
T = by a snake lemma argument applied to the "minus" exact sequence (TTTT) . □ 



3. The relevant Iwasawa modules 

3.1. An Iwasawa theoretic abstract 1— motive. In this section, we fix a prime 
p, a Zp-field JC and two finite sets S and T of finite primes in JC, with the property 
that Tfl (5U S p ) = 0. From this point on, we assume that /j,jc — 0. To the data 
(JC, S, T) we associate the abstract 1-motive 

M% r := [Viv K (S\Sp)^Az, T }, 
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where T>iv/c(S \ S p ) is the group of divisors of tC supported on S \ S p and 5 is the 
usual divisor-class map sending the divisor D into D (g> 1 in Ak.,t — Ck,T ® Z p , 
where D denotes the class of D in Ck. : t- Note that, under our current hypotheses, 
Divj<;(<S \ (S p ) is a free Z-module of rank d)c,s : =| <-> \ S p | ancl A/c,t is torsion, 
divisible, of finite local corank. This local corank equals at primes I ^ p and 
equals at most (A^ + £jc,t) at P, a s Lemma I2.8f 2) shows. Consequently, all the 
requirements in Definition 12.11 are met. The p-adic realization T p (A4g r ) of Aigj- 
is a free Z p -module of rank at most (\/c + Stc,T + d)c,s), sitting in an exact sequence 

^ T p (A KiT ) ^ T p (M% r ) ^ Viv K {S \ S p ) <g> 7L p . 

Next, we give a new interpretation of the p n torsion groups A4g T [p n ] of the ab- 
stract 1-motive above, for all n > 1. For that purpose, we need the following. 

Definition 3.1. For every p, K,, S , T as above and every m :— p n , where n G Z>i, 
we define the following subgroup of fC^-. 

4™r : = {/ e /C* | div K (f) = mD + y} , 

where D G Viv/c.r an d V S DivjciS \ S p ). (Note that since the group Vivic(S p ) 
is p-divisible, we could write y G T>ivx:(S) or y G T>iv/c(S U 5 P ) instead of y £ 
T>iVjc{S \ S p ) and arrive at an equivalent definition for Kgj-.) 

Note that we have an inclusion IC^- m ■ Uk,T 5= °f subgroups of /C^-. 

Proposition 3.2. For every p, K,, S, T and m as in the definition above, we have 
a canonical group isomorphism 

Mlr[m] ~ 4J/(/C*™ • U KlT ) . 

Proof. In what follows, in order to simplify notation, we view A/c,t as t ne p-Sylow 
subgroup of the torsion group C/c,t- The general element in the fiber-product 
A/c,T x A,c T ^ v ic(S\S p ) (see ij2.1l for the definition) consists of a pair (D, x), where 
D G T>ivjc,Ti such that its class D in Cjc,t nes m Ak,,Ti an d x G T>ivic{S\S p ) with 
the property that mD — x = divtc{f), for some / G /C^-. Note that, by definition, 
any such / lies in /C^y-. We define a map 

Ak,t xJ KiT Viv K {S \ S p ) A 4?r/(' c r TO ' ^,r), <KA *) = /, 

where D, x and / are as above, and / is the class of / in the quotient to the right. 
We claim that 4> is a well-defined, surjective group morphism. We check this next. 

Step 1. is a well defined group morphism. Assume that D, D' G T>ivic,T 
and x G Viv)c{S \ S p ), such that (D, x) and (D' , x) belong to and are equal in the 
fiber product above. This means that 

divfc(f) = mD — x, divx:(f') = mD' — x, D — D = div/c{g), 

for some f,f',g G /C^-. Obviously, this implies that divfc^rif) = ^ w K,r(/'ff m )- 
Consequently, there exists u G £/jc,Ti such that / = /' • g m u. This implies that 
x) = f = f = <p(D', x), showing that <fi is well-defined as a function. The fact 
that <p is a group morphism is obvious. 
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Step 2. 4> is surjective. Let / 6 4 T and D e T>ivic,T and £ £ T>ivic(S \ 
S p ), such that divic(f) = mD — x. Since Cjc,t is a torsion group, there exists 
a natural number a, with gcd(a,m) = 1, such that aD 6 -4jc,t- This shows 
that (aD, —ax) 6 »4k:,T Viv(S \ S p ) and cf)(aD, —ax) = f a . Consequently, 

/ a E Im(</)). However, since Im((/>) is a group of exponent dividing m (as a subgroup 
of 4Tt 1 'JC^- m ■ U/c,t)j it is uniquely a-divisible. This shows that / 6 Im(</>), which 
concludes the proof of the surjectivity of <f>. 

Step 3. The kernel of <f>. Next, we prove that 

ker(0) = m{A K ,T *a k , t Viv k (S \ S p )). 
Let (D,x) € ker((/)). This means that there exists g € K,^-, such that 
mD — x = divx:(g m ) = to ■ divx:(g) ■ 

This implies that x — mx', for some x' € T>ivjc(S \ S p ). However, since Ak.,t is 
m-divisible, there exists D' e T>ivx.,T, such that D' S A)c,T and D = mD' . This 
means that D — mD' = div/c(f), for some /' 6 ICy-. This shows that 

(D, x) = m(D , x ), TO.D — a; = divjc(gf') ■ 
Therefore, ker(0) C m(Aic,T x Xc t DivfiXSp)). The opposite inclusion is obvious. 

Now, we combine Steps 1-3 above with the definition of A4$ 7- [to] (see £|2.ip to 
conclude that the map factors through a group isomorphism <fi 

A K ,j x^ T Viv K {S \ S p ) 4^/(/C*™ . u KtT ) 




M% T [m] 

This concludes the proof of the proposition. □ 

Remark 3.3. If G is a group of field automorphisms of /C and the sets S and T 
are G-equivariant, then T p (A4g -y) and j-[p n ] are endowed with natural 7L p \G\- 
module structures (see Remark \2.b\ ) In this case, it is easily seen that the canonical 
isomorphism in Proposition \3.2\ is Z p [G] -linear. 

If, in addition, K, is of CM-type, p is odd, and S and T are j -invariant, 
where j is the complex conjugation automorphism of K,, then we can talk about 
the eigenspaces T p (A4 , g -j-^ and Aig tIp™^ ' f or a ^ n>l. Since the actions of G 
and j commute, these eigenspaces have natural Z p [G] -module structures. Moreover, 
the isomorphism in Proposition \3.2\ induces two 7L p [G] -linear isomorphisms 

Mlrlmt ~ (4^/^™ • u K ,rt , 

for all m which are powers of p. This follows immediately from the fact that the 
action of j and G on K. commute, for any G as above. 
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Corollary 3.4. If K, is of CM-type, p is odd and S and T art j-invariant, then 
the isomorphism in Proposition \3.S\ induces isomorphisms of 1 P -modules 

M% r \m\- c (4^//qr • U K , T )- * (4?/Kr m )~ > 

for all m := p n , where n > 1. If in addition, S and T are G -invariant, for a group 
of automorphisms G of K., then the above isomorphisms are 1 p [G\-linear. 

Proof. Let m be as above. There is an obvious exact sequence of Z p [(j)]-modules 

Uk,t/UZt 4"^//C* m 4 m r/(^r m ' Uk,t) 0. 

Now, (|12p above shows that (C/j<c,t®^p) - — Mp 00 nf/jc.T- If T ^ 0, this intersection 
is trivial, whereas if T = 0, this intersection is either equal to /i p °o or trivial, 
depending on whether K, is a cyclotomic Z p -field or not. In all these cases, (Ujc : t® 
Z p )~ is p-divisible. Consequently, (%,r/^tV) _ — {Uk,T ® ^p)~ <8>Z/mZ = 0. 
Consequently, the exact sequence above leads to a group isomorphism 

(4"r/Kr T ^ (4 m r/^r m ■ ^,r)"- 
Now, the first part of the corollary is a direct consequence of Proposition 13.21 The 
Z p [G] -linearity is a consequence of the previous Remark combined with the obvious 
Z p [G] -linearity of the last displayed isomorphism. □ 

Remark 3.5. Assume that K, IK! is an extension of 1 p -fields, andS andT are sets 
of primes in K, as above. Let S' , T 1 and S' p denote the sets of primes in K! sitting 
below primes in S, T and S p , respectively. Then, the inclusion K! — > IC induces 
natural group morphisms Viv ic (S' \S' p ) — > T>ivic(S\S p ) and Aic> ,T' ~> ^K.T- These 
lead to a morphism of abstract 1-motives Mg, -y, — > M.$ Since the isomorphisms 
constructed in Proposition \3.2\ are functorial, we get commutative diagrams 

M% T [m] — ^ 4 m j/(/Cr • U KlT ) 

,. 

M$ tT ,[m] — ^ 4™r'/(^r ™ ' Uk>,t>). 



3.2. The ensuing Iwasawa modules. Let us assume that K, is the cyclotomic 
Zp-extension of a number field K . As usual, we let T := Gal(/C / K) . We pick two 
finite sets S and T of finite primes in K., such that T n (S U S p ) = 0. We assume 
that S and T are T-invariant. 

For all n £ Z>o, we let F„ := Gal(/C/ K n ), where K n is the unique intermediate 
field K C K n cTc, such that [K n : K]=p n . Also, we let 

A = Z p [[F]] :=hmZ p [r/r n ] 

n 

denote the p-adic profinite group ring associated to T, where the projective limit is 
taken with respect to the surjections F/L n+ i -» r/r„ induced by Galois restriction. 

As in §2.2[ we denote by T„, S n and S Pt „ the sets of primes in K n which sit 
below primes in S, T, and <S P , respectively, for all n > 0. Obviously, S n , T n and 
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S p , n are r/r„-invariant. Consequently, Ax n ,T n and T>ivK n (S n \ Sp,n) ® Z p have 
canonical Z p [r/r n ] -module structures. Via the ring morphisms A -» Z p [r/r n ], 
they are endowed with canonical A-module structures. The natural morphisms 

Ak„,t„ — > A Kn+1)Tn+1 , Viv Kn (S n \S p , n )®Z p — > Viv Kn+1 (S n+ i\Sp, n+ i)<g>Z p 

are A-linear. This leads to canonical A-module structures for 

Ak.t — um A k „,t„ and Viv K (S \ S p ) ®Z V ~ lim (Viv Kn (S n \ S v , n ) ® Z p ), 

n n 

as direct limits of A-modules with respect to A-linear transition maps. This way, 
T p {Ak.,t) inherits a canonical A-module structure as well. 

Lemma 3.6. With notations as above, the r L p -module T p (A4g q-) can be endowed 
with a natural A-module structure which makes the sequence 

^ T p (Ak,t) *■ T P (M^ r ) Viv K {S \ S p ) <g> Z p ^ 

exact in the category of A-modules. 

Proof. Remark 12.41 shows that in defining the torsion groups A4g j-[m], with m a 
power of p, and the p-adic Tate module T p (A / tg j-), we may replace the abstract 
1-motive M'g j- with the associated abstract p-adic 1-motive 

(M^ r ) p := [Viv K {S \ S p ) ® Z p A k ,t], 

where 6 ® 1 is the extension of S by Z p -linearity to Viv/c(S \ S p ) ® 1 P . (Note that 
Ajc,t — <Ak.,t ® 2 P .) Now, we obviously have 

[Viv K (S \ Sp) ® Z p S -H Ak,t\ = [Viv Kn (S n \ S p>n ) ® Z p ^ A Kn , Tn ] 

n 

where 5 n is the usual divisor-class map sending the divisor D G T>iv K n (S n \S p . n ) to 
D®1 in CK n ,T n ®1> p = AK n> T n , with D denoting the class of D in Cx n ,T n - Since the 
maps S n ® 1 are Z p [r/r„]-linear, they are A-linear and therefore 6 ® 1 is A-linear. 
Remark [231 applied to (Mg r ) p and R := A, implies that -M^^m] ~ (-M^ r ) p [m] 
can be endowed with a natural A-module structure which makes the sequence 

A K ,T[m] + M% T [m] ^ THvk(S \ S p ) ® Z/mZ ^ 

exact in the category of A-modules, for all m which are powers of p. The statement 
in the Lemma is now obtained by taking the projective limit of the exact sequences 
above for m = p a , with a S Z>i, with respect to the multiplication- by-p maps, 
which are clearly A-linear. □ 

Remark 3.7. Assume that K/k is a Galois extension of number fields, of Galois 
group G. Let K. and be the cyclotomic 7, p -extensions of K , for some prime p. 
Then, the extension /C/fc is Galois. Let Q := Gal(/C/fc). Now, let us assume that 
the sets S and T in K, considered above are Q -invariant. Then, just as above, 
Vivic(S \ S p ) ® Z p and Ak,T ar & endowed with obvious canonical Z p [[Q]] -module 
structures and the map S ® 1 above is Z p [[(?]] -linear. Consequently, A4g j-[p a ], for 
a > 1, and T p (A4g j-) are endowed with a canonical l* p [[Q}] -module structure and 
the sequence in Lemma \37B\ is exact in the category of Z p [[(/]] -modules. 
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//, in addition, K is a CM -number field (which makes K. of CM-type), S and 
T are j-invariant and p is odd, then Mfg ■j-{p a ) ziz , for a > 1, and T p (A4g 7 -) ± have 
natural Z p [[(/]] -module structures. The exact sequence ofiZ p [[Q\\ -modules in Lemma 
3.6\ can be split into a direct sum of two exact sequences of 1i p [[Q]]-modules 



(13) ^ T p (Ak,tF TpiM^rF »- Viv K (S \ 5 P )± ® Z p »- . 

Remark 3.8. For every n > 0, let Mg n T := [Div K n (S n \ S pn ) Aff n ,T n ]; 
where S n is the divisor-class map defined in the proof of the above Lemma. Of 
course, Mg n T is not an abstract 1-motive, unless the finite group Ax n .T n happens 
to be trivial. Nevertheless, one can define the Z p [r/r n ] -modules 

M £>„M := (A Kn ,T n ><A Kn>Tn T>iv Kn (S n \ S p , n ))®Z/mZ, 

for every m which is a power of p. For all m and n as above, we have obvious and 
canonical A-module morphisms 

Mlyjm] -> Mf^ Tn+i [m] -> M% r [m]. 

It is easily proved that these lead to a A-module isomorphism 

lim Mg^ Tn [m] ~ Ms^ T [m]. 

n 

3.3. Linking T p (J\As.t)~ to the classical Iwasawa modules. In this section, 
we assume that K/k is a Galois extension of number fields, where K is CM and k 
is totally real. We fix a prime p > 2 and let K, denote the cyclotomic Z p -extension 
of K. We let G := Gal(K/k), Q := Gal(/C/fc), T := Gal(JC/K) and A := Z P [[T]]. 

Let S be a C?-equivariant finite set of finite primes in K,. As in classical Iwasawa 
theory, we denote by Xs the Galois group of the maximal abelian pro-p exten- 
sion of K, which is unramified away from S U S p . Then, Xs is endowed with the 
usual canonical Z p [[£?]] -module structure (with the ^-action on Xs given by lift 
and-conjugation.) In particular, Xs has a canonical A-module structure. Recall 
Iwasawa's classical theorems stating that Xs is a finitely generated A-module of 
rank r2 (K) (the number of complex infinite primes in K) and that X$ is A-torsion 
and contains no non-trivial finite A-submodules (see |14j.) 

Further, let us assume that fi p C K (i.e. fi p <^ C fC.) In what follows, we adopt 
the notations and definitions of ^7.2l in the Appendix. In particular, note that under 
our current assumptions the Teichmiiller component uj p of the p-adic cyclotomic 
character c p : Q —> Z* factors through G. 

By the definitions of Xs and /C5 0, Kummer theory leads to perfect Z p -bilinear 
pairings of Z p [[C7]]-modules 

(•, -)m ■ X s /p m X s x KfP/K** m — > M P ™ , 
for all m € Z>i, with the ^-equivariance property 

(14) ( 9 x, 9 y) m =g({x, y) m ), 

for all x e Xs/p m Xs, y 6 JC^ ' ^ / '/C x P m and g e Q. Consequently, for all m as 
above, we obtain perfect Z p -bilinear pairings 

x+/ P m x+ x (4 p ;vk xp 'T — ► 
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with property (|14[) . Now, we use Corollary 13.41 and pass to a projective limit with 
respect to m and the obvious transition maps in the pairings above to obtain a 
perfect Z p -bilinear, continuous pairing of Z p [[C?]]-modules 

<•,•): X+ x T p (Ml )- — > Zp(l), 

with property ([M)) . Consequently, the following holds. 

Lemma 3.9. The last pairing induces an isomorphism ofZ p [[Q]]-modules 

T p (Ml#)- ~ Hom Zl) (X+ Zp(l)), 

where the right-hand side has the l* p [[G]]-module structure given by 

(X*f)(x) :=f((Lo tl )(X)-x), 

for all f € Homz p (Xg, Z p (l)), x € Xj a?7,d A G Z p [[(/]]. 

Proof. For all x G 3Tg, y G T P (7W^ : )~ and g E G, we have 

y) = <?«x, = c p ( 5 )(x, » _1 y) = (a, (t o t^g) ■ y). 

This shows that the isomorphism above is at least Z p [G]— linear. However, since it 
is continuous, it has to be Z p [ [G]} -linear, as desired. □ 

Remark 3.10. With notations as above, let T be a finite, nonempty, G~invariant 
set of finite primes in K, which is disjoint from SUS p . Then, the group morphism 

A./c,T ~* Aic induces an obvious morphism of abstract 1-motives A4^ <j > q. 

This leads to a morphism T p (M.gj-) — > T p (Aig ) of Z p [[£/]] -modules. As a con- 
sequence of this morphism leads to an exact sequence of Z p [[(/]] -modules 

(15) T p (Ax:,r)-/Zp(l) T P {M% T )- T P {M% 9 )~ 

Therefore, Lemma \3.9\ above gives surjective morphisms of Z P [[G]] -modules 

T p (Ml T )-(n - 1) - T p {M^)-{n - 1)) ~ (X+)», Vn G Z. 

Above, (3c.g)* := Homz p (Xg , Z p ), endowed with the contravariant G -action given 
by 9 f(x) := fig' 1 ■ x), for all f G (X+)* 7 g G G and x G X+. 

4. COHOMOLOGICAL TRIVIALITY 

Throughout this section, K/K' will denote a Galois extension of Z p -fields, of 
Galois group G. We fix two finite sets <S and T of finite primes in K, such that 
T H (S p US) = 0. From now on, we assume that T ^ and S contains the finite 
ramification locus S^ m (K/K') of K/K'. Also, we assume that S and T are G- 
invariant and let S' and T' denote the sets consisting of all primes on K! sitting 
below primes in S and T, respectively. 

If K is of CM-type, j will denote, as usual, the complex conjugation automor- 
phism of K. Since j commutes with any element in G (as automorphisms of K), it is 
easy to check that, in this case, Kf is either totally real or of CM-type, depending 
on whether Kf C K + := K? =1 or not. In the case where both K and K! are of 
CM-type, then the complex conjugation automorphism of Kf is the restriction of j 
to K! and will be denoted by j as well. If K is of CM-type, we will assume further 
that S and T are j-invariant as well. 
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Throughout this section, we assume the vanishing of the Iwasawa [i-invariant of 
all Z p -fields involved. 

For simplicity, we let M := M$ r and M! := Mg, r ,. The natural abstract 
1-motive morphism M! — > M (sec Remark 13. 5[) induces Z p -module morphisms 
M'[p n ] -> M[p n ] G and T P (M') -> T p (.M) G . The main goal of this section is to use 
these morphisms in order to study the Z p [G]-module structure of T p (M)~ , in the 
case where K. is of CM - type and p is odd. 

Proposition 4.1. Assume that m is a non-trivial power of p. Then, 

(1) The inclusion 1C' X C /C x induces a group isomorphism 

IC'^I/K,'*™ ~ (4 m r/^r m ) G ■ 

(2) J/ /C cmd /C' are o/ CM-type and p is odd, then the morphism M! A4 of 
abstract 1-motives induces canonical lip-module isomorphisms 

M'[m]- ~ (M[m]-) G , ^(A*') - - (r p (X)-) G • 

Proof. (1) Let us fix an m as above. Since KL/KJ is unramified at finite primes 
outside of S' , we have inclusions 

K%, = (1C*) G c AC s ( ' m r' c (4 m r) G c 4?r- 

Since 7" is non-empty and disjoint from S p , the group A^^- has no m-torsion. There- 
fore, the m-power-map induces a G-invariant group isomorphism /C^- ~ IC^- m . If 
one takes G-invariants in this isomorphism, one obtains 

K*, m = (/C£ m ) G = K^ n n /C' x . 
When combined with the displayed inclusions above, this leads to an injection 

K^,/K* m ^ (4"r/^r m ) G • 
In order to complete the proof of (1), we need to show that this injection is an iso- 
morphism. For this purpose, we write the first four terms in the long G-cohomology 
sequence associated to the short exact sequence of Z[G]-modules 

1 /C*" 1 4™r - 4?/^™ 1 ■ 

We obtain an exact sequence of multiplicative groups 

1 /C r x ™ - (4 m r) G *■ (4"r/^r m ) G /C* m ) 

Therefore, (1) would be a consequence of the following equalities. 

(16) H 1 (G, /C* ro ) = 0, (4 m r) G = Kfivr' ■ 

Since K^- ~ /C£ m , the first equality above is equivalent to H 1 (G, fCZ-) = 0. This is 
proved as follows. We let £(7-) '■— { x G ^ x I ord w {x) — 0,\/w G T}. We have short 
exact sequences of Z[G]-modules 

1 ^ - /C ( x r) Ak,t 1 , 

1 — 4n — ^ ^v lVK (T) — 0. 
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Here, we have res7-(a;) := (x mod w) w qT, f° r all x € ^-rn> an< ^ divicj-ix) : = 
^ Mig7 -ord u) (a;) • it), for all x G /C x . The maps res-7- and div/c,T are surjective 
as a consequence of the weak approximation theorem applied to the independent 
valuations of /C corresponding to the primes in T. Since the extension 1C/K,' is 
unramified at primes in T 1 and T H S p = 0, we have Z[G]-module isomorphisms 

(17) A K , T - («M X ® Z[GJ Z[G]), T>ivic(T) * (Zt» ® z[Gro] Z[G]) , 

ui'ET 7 w'ET' 

where w is a prime in T sitting above w' and G^ is the decomposition group of w 
in JC/K.' . Since G w ~ G(k(w)/ k(w')) and k(w') is a Z p -extension of a finite field, 
G w is cyclic of order coprime to p. The first isomorphism in (|17p combined with 
Shapiro's Lemma, Hilbert's Theorem 90 and Herbrandt quotient theory (view k(w) 
as a union of Galois extensions of Galois group G w of finite subfields of k(w')) give 

ir(G,A,e, r )~ H i (G w , K (w)*) = 0, VzgZ. 
w'eT' 

Consequently, Tate cohomology applied to the first exact sequences above gives 

hHgx^^h^ck,^). 

The second isomorphism in (|17[) combined with Shapiro's Lemma gives 

Divic(T') ~ T>ivic(T) G , H^CVivdT))- H Y (G W ,7L) = , 

tt'ef 

where the first isomorphism above is induced by the canonical injection TJiv/c (T 7 ) — > 
T>ivtc(T). Since divjc.r \k ,x = divtc,T-, Tate cohomology applied to the second exact 
sequence above combined with Hilbert's Theorem 90 gives 

H 1 {G,K^ T) ) ~ i? 1 (G,/C x ) = 0. 

Consequently, we have 

H 1 {G,K^-) ~ H 1 {G,K,^ T) ) ~ i? 1 (G,/C x ) = 0, 
which concludes the proof of the first equality in (fT7j]) . 

In order to prove the second equality in (|16l) . we consider the exact sequence 

1 ^ — ^ ® z / mZ 

in the category of Z[G]-modules, where Vivjc s '■= ®v^s^v ■ v is the group of 
divisors in K supported away from S and div;c,s{x) := (X^ws or dt>(aO ■ v) ® 1, for 
all a; G /C*-. Since K,jKJ is unramified away from 5, the natural injective morphism 
Wdjc^i — >• T>ivK. : s induces an isomorphism of groups T>ivfc,s' — {'Di v K.,s) G and 
the restriction of divjc,s to K'j-i equals div)c,s'- Consequently, when we take G- 
invariants in the exact sequence above, we obtain an exact sequence at the K,' -level 

1 (4 m r) G - JC't^-^ Viv K ,, s > ® Z/mZ , 

which shows that /Cy"p = (^Cg"^-) , as desired. 
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(2) The first isomorphism in part (2) of the Proposition is a direct consequence 
of part (1) combined with Remark 13.51 and Corollary 13.41 The second isomorphism 
in part (2) is obtained from the first by taking the obvious projective limit. □ 

Let us assume that /C is of CM-type and p is odd. Then, if we let F p denote the 
field with p elements, we have an exact sequence of F p [G]-modules 

1 A K/r [ P ] + M[ P }- {Viv K {S \ S p ) ® Z/pZ)~ 1. 

According to Lemma [2T51 if we let rj^ := dim$ A4|p] _ , we have 

(18) r M= X IC+ S K,T - § >C + d K,,S > 

where Xj^ , 5~j^ j- and S/c are as in Lemma 12.81 and 

d-K.,s := dimF p (Vivic{S \ S p ) (g> Z/pZ)~. 

We need a concrete formula for s . For that purpose, we let J :— G(/C//C + ) and 
we view Vivic(S\S p ) as a Z[J]-module. Obviously, J is cyclic of order 2, generated 
by j. Let S + and S p denote the sets of primes in /C + sitting below primes in S and 
S p , respectively. Also, for every v € S + \S+, let J v be the decomposition group of 
v in /C//C + . Then, we have the following obvious Z[J]-module and F p -vector space 
isomorphisms, respectively: 

Viv)c(S\S p ) ~ Z[J/J V ], (Viv K {S\S p )®Z/pZ)- =s F P [J/J V ]-. 
ves+\s£ ves+\s+ 

Obviously, we have F p [J/J v ]~ ~ F p , if J v is trivial (i.e. if v splits in /C//C + ) and 
¥ p [J/ J v ]~ — 0, otherwise. Consequently, we have the following formula for d^ s : 

d-KS~ cardjt; | v G S + \ S p , v splits completely in /C//C + } . 
The above formula permits us to reformulate the main result in |16j as follows. 

Theorem 4.2 (Kida). Assume that p is odd, G is a p-group and K, and K! are of 

CM-type. Then, we have the following equality. 

( A /c - 6 K + d K S ) = \G\ ■ {\ K , - 5 K , + d K , s ,) . 

The above result is known is "Kida's formula" . It was first proved by Kida in |16j 
and later and with different methods by Iwasawa (see [T3]) and Sinnott (see [2"9].) 
This should be viewed as a "partial" number field analogue of Hurwitz's genus 
formula for finite covers of smooth, projective curves over an algebraically closed 
field. Here, A~j^ plays the role of the Jacobian and its corank (equal to X^) plays 
the role of twice the genus of the underlying curve. Of course, a "full" number 
field analogue of the Hurwitz genus formula should involve the ideal class-group 
Ak. and its corank A^;. To our knowledge, no such formula exists at the moment. 
The following consequence of the above theorem is of interest to us. 

Corollary 4.3. Assume that p is odd, G is a p~group and K, and K.' are of CM- 
type. Then, we have the following equality. 

r M = \°\ ■ r M' ■ 
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Proof. The first isomorphism in (|17|) induces an isomorphism of Z p [G]-modules 
(Ajc,t ® Zp) _ ~ (A/c',t <8 Zp)~ ® Zp Z P [G] . 

Above, we took into account that since G is a p-group, G tt , is trivial, for all w G 7~. 
Now, by comparing p-coranks on both sides of the above isomorphism, we get 

<J- r =|G| -8^, TI . 

The equality in the statement of the corollary is a direct consequence of the above 
equality combined with (|18p and Theorem 14. 2 1 □ 

Now, we are ready to state and prove the main results of this section. The reader 
will note that in what follows we are using a strategy similar to that of §3 in [13j . 

Theorem 4.4. Assume that G is a p-group, K, and K! are of CM-type, and p is 
odd. Then, the following hold. 

(1) The F p [G] -module A4[p]~ is free of rank 

r M' : = X K' + 5 K.',T> + d K',S' - S >C' ■ 

(2) The 7i p [G]-module T P (A4)~ is free of rank rj^,. 

Proof. For the proof of (1), we need the following (see [20], Proposition 2, §4.) 

Lemma 4.5 (Nakajima). Assume that k is a field of characteristic £ ^ 0, G is a 
finite i-group and M is a finitely generated k[G]-module, such that 

dim fc Af > |G| ■dim fe M G . 

Then, M is a free k[G] -module of rank equal to dim^ M . 

Now, if we combine the first isomorphism in Proposition I4.1T 2) for m :— p, with 
Corollary [43] above, we obtain the following. 

dim ¥p M[ P }- =| G | -dim Fp (M[p]-) G . 

The above Lemma applied to £ :— p, k :— F p and M := Ai\p]~ implies that, indeed, 
A4[p]~ is a free F p [G]-module whose rank satisfies 

mnk ¥p[G] M[p]~ = dim Wp (M[pD G = dim Fp M'[p]~ = r M , . 

This concludes the proof of part (1). 

In order to prove part (2), we consider the exact sequence of Zp[G]-modules 

*T P (M)- -^T P (M)- ^M[ P }- *-0 

where the injective morphism is the multiplication-by-p map (see J7J).) Since 
-A4[p]~ is a free F p [G]-module, it is G-induced and therefore G-cohomologically 
trivial. Consequently, when we apply Tate G-cohomology to the short exact se- 
quence above, we obtain group-isomorphisms 

H l (G,T p (M)-)^^W(G,T p (M)-) 

given by the multiplication-by-p map, for all i € Z. Since the cohomology groups 
above are p-groups, this implies that H l (G,T p (M)~) = 0. Since G is a p-group, 
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this implies that T P (A4)~ is cohomologically trivial (see Theorem 8, in [27], Ch. IX, 
§5.) Therefore, T P (M)~ is a projective Z p [G]-module, as it is Z p -free (see loc.cit.) 
However, since G is a p-group, the ring Z p [G] is local and therefore T P (M)~ is a 
free Z p [G]-module (see [19], Lemma 1.2.) The F p [G]-module isomorphism 

T p (M)-=¥ p [G] ®z v[G] T p {M)- 

(a consequence of the short exact sequence above) combined with part (1) leads to 

rank Zp[G] T P (M)~ = rank Fp[G] M[pY = r M ,. 

This concludes the proof of the Theorem. □ 

Theorem 4.6. Assume that K, is of CM-type, p is odd and G is arbitrary. Then, 
if we let "pd " denote "projective dimension" , the following hold. 

(1) P d Zp[G] -T p (Mr = pd Zp[G] T p (M)- = 0. 

(2) //, in addition, K! is the Z p -cyclotomic extension of a number field k, such 
that IC/k is Galois of Galois group Q and S and T are Q -invariant, then 
P d z P [[g]]- T p( M )~ = P d z p [[g]] T p(My = !; unless T P (M)~ = 0. 

Proof. (1) Since T p {M)~~ is a free Z p -module, the statement in part (1) of the 
Theorem is equivalent to the G-cohomological triviality of T p {M)~ . (See [37], Ch. 
IX, §5.) In order to prove that, let H denote a p-Sylow subgroup of G and let K. H 
be the maximal subfield of /C fixed by H. Then, KjK n is Galois, of Galois group 
H. Also, K H is of CM-type. Indeed, if K H C JC+ , then 2 = \K : JC+] would divide 
| H |= [IC : IC H ], which is false, because p is odd. Consequently, we can apply 
Theorem 14. 4f 2) to the extension JC/JC H to conclude that 

H i (H,T p (M)-) = 0, VieZ. 

Since this happens for any p-Sylow subgroup H of G, the module T p (M)~ is G- 
cohomologically trivial and therefore Z p [G]-projective, as desired. (See loc.cit.) 

(2) Let Tfc := G(/C'/fc). Since Tk is a free abelian topological group, the usual 
Galois-restriction exact sequence 

(19) 1 ^G -^T k ^1 

is split. Pick a splitting and let T be its image in Q. Then, we have a group 
isomorphism Q ~ G xi T, where x denotes a semi-direct product. Let K be the 
normal closure (over k) in K, of /C r (the maximal subfield of JC fixed by P.) Then 
Kj k is a Galois extension of number fields and fC = K ■ fC' (the compositum of K 
and KJ inside /C.) Consequently, if we let G' :— G(K/k), Galois restriction induces 
an isomorphism between G and the normal subgroup G(KjK! n K) of G'. Via this 
isomorphism, we identify G with G(K/K' n K) and G'/G with G\jC' n K/k). We 
have an exact sequence of groups induced by the obvious Galois restriction maps 

(20) 1 ^G'xP ^G'/G ^1. 

Consequently, Z p [[G' x P]] viewed as a left or right Z p [ [g]] -module in the obvious 
way is free of basis given by any complete set of representatives for the left cosets 
of G in G'. We consider the left Z p [[G' x r]]-module 

TjM)- := Z P [[G' x r]] ® Zp[[g]] T p (M)-. 
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As Z P [[G' x r]] is a free right Z p [[(y]]-module, (2) in the Theorem is equivalent to 

V&Z p [[G'xT]\ T p{M)- = 1. 

We claim that this follows directly from part (1) of the Theorem combined with 
Proposition 2.2 and Lemma 2.3 in [23]. In order to see this, let us first note that we 
have an obvious ring isomorphism Z p [[G' xT]]~ A[G"], where A := Z p [[r]]. Now, 
we have the following. 

Lemma 4.7. A finitely generated A[G'] -module M satisfies pd^QnM < 1 if and 
only if the following conditions are satisfied. 

(i) pd Zp[G ,]M < 1. 

(ii) M has no non trivial finite K-submodules (i.e. pd A M < I.) 

Proof. Combine Proposition 2.2 and Lemma 2.3 in [53]. □ 

Since the A-module T P {M)~ is Z p -free, it satisfies (ii) above automatically. Also, 
as a consequence of the definitions and exact sequence (|20[) , we have an isomorphism 
of left Z p [G']-modules 

tJm)- ~ ZpfC] ® Zp [G] T P (M)-. 

Consequently, part (1) of the Theorem implies that pd Zp [ G /j T p (.M)~ = 0. The 

above Lemma implies that pd A [ G /]T p (.M)~ < 1. However, since T p (Ai)~ is of finite 

Z p -rank, we must have ~pd^ G ,iT p (M)~ = 1. This concludes the proof of part (2) 
in the Theorem. □ 

Corollary 4.8. Assume that K, and K! are of CM-type, p is odd and G is arbitrary. 
Then, there is a canonical isomorphism of Z p -modules 

T p (M)-/I G T p (M)- ~T p (M')-, 
where I G is the usual augmentation ideal in Z p [G] . 

Proof. Since T p (A4)~ is Z p [G]-projective, it is G-cohomologically trivial. In par- 
ticular, H°(G, T P (M)~) = H^ 1 (G,T p (My) =0. As a consequence, if we denote 
by Nq the usual norm element in Z p [G], we have 

(T p (M)-f = N G -T P (M)-, T P {M)- /I G T P {M)- ~ N G -T P {M)- , 

where the isomorphism of Z p -modulcs to the right is induced by multiplication with 
N G . Now, the corollary is a direct consequence of Proposition 14. 1[ part (2). □ 

5. The Equivariant Main Conjecture 

We begin by recalling two classical theorems on special values of global L- 
functions. Let K/k be an abelian extension of number fields of Galois group G. 
Throughout, if C is an algebraically closed field, we denote by G(C) the group of 
irreducible C-valued characters of G. Let S be a finite set of primes in k, which 
contains the set S ao (k) U S ram (K/k) of primes which are either infinite or ramify 
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in K/k. For every \ G G(C), we let Ls(x, s) denote the C-valued 5-incomplete 
Artin L-function associated to \, of complex variable s. These L-functions are 
holomorphic everywhere, except for a simple pole at s = 1 when x = 1g- We let 

6s,K/k--= L s ( X "\s)-e x , Q s , K/k : C -> C[G] 

xe<5(C) 

denote the so-called .^-incomplete G-equivariant L-function associated to K/k, 
where e x := 1/|G J2<j<eg ' a ~ l 1S the idempotent associated to x m C[G]. 

Theorem 5.1 (Siegel 28 ). for a/Z n G Z>i, we Ziaue 

e s ,K/fe(l-m) 6Q[G]. 

As usual, for every abelian group M and every m G Z, we let M(m) denote the 
group M endowed with the action by the absolute Galois group Gk of k given by 
the n-th power of the cyclotomic character Ck : Gk — > Aut(/Xoo) ~ Z x . 

Theorem 5.2 (Deligne-Ribet [7], Cassou-Nogues [5]). For all m G Z>i, we have 

Ann z[G] (Q/Z(m) G -) • 9 Siif/fe (l - m) C Z[G], 

where Q/Z(m) Gff denotes the Z[G]-module of G k -invariants o/Q/Z(m). 

Now, let T be a finite, non-empty set of finite primes in disjoint from 5. We let 
<5T,x/fc := II^ 1 ' ( Nw ) 1_S )> *r,x/k : C C[G], 

where <t„ denotes the Frobenius morphism associated to v in G. 

Corollary 5.3. Let p be a prime number and m G Z>i. isswme t/iat either 
T contains at least a prime which does not sit above p or p does not divide the 
cardinality of (the finite group) Q/Z(m) Gif . Then, we have 

h,K/k{^ ~ m) ■ <d s ,K/k{^ - m) G Z (p) [G] . 

Proof. Remark that if v G T does not sit above p, then o~ v acts on the group 
Q/Z(m) Gjc ® Z p ~ Qp/Z p (m) GK via multiplication by (Nu) m . This implies that, 
under the hypotheses of the Corollary, we have 

*r,JC/fc(l ~ to) G Ann Z(p)[G] (Qp/Z p (TO) GA '). 

Now, the Corollary follows from Theorem 15.21 □ 

Definition 5.4. For S and T as above, the S -incomplete T -modified G-equivariant 
L-function associated to K/k is defined by 

@S,T,K/k : = $T,K/k{s) ■ ®S,K/k(s), ®S,T,K/k '■ C — > C[G]. 

Remark 5.5. Note that Qs,T,K/k is holomorphic everywhere on C and 

®S,T,K/k(l - TO.) G Z (p )[G], 

whenever the integer m, the prime p and the set T satisfy the hypotheses of the 
Corollary above. In particular, if T contains a prime of residual characteristics 
coprime to the cardinality of (Q/Z(m) Gii "), for some m G Z>i, then 

6 W (l-m)eZ[G]. 
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Also, if T contains two primes of distinct residual characteristics, then 
®s,T,K/k{l - m) G Z[G], Vm e Z>i. 

Throughout the rest of this section, we fix an odd prime p and an abelian ex- 
tension K/k, where K is a CM Z p -field and fc is a totally real number field. Let 
Q := Gal(X/fc). We fix two finite, non-empty, disjoint sets S and T of primes in 
k, such that S contains S Iam (fC/k) U Sen- Note that, in particular, S contains the 
set S p of p-adic primes of k. We let S and T denote the sets of finite primes in K 
sitting above primes in S and T, respectively. 

The main goal of this section is the proof of an Equivariant Main Conjecture 
for the data (K/k, S,T,p), This statement expresses the first Fitting invariant 
Fitz p [[e]]- C^pC^s t) - ) °f tne finitely generated module T p (M^ T )~ over the (Noe- 
thcrian, commutative) ring 

Z P [[G]]- :=Zp[[0]]/(l+j) 

in terms of a certain equivariant p-adic L-function Oi°y, which is an element of 
Z p [[(/]]" canonically associated to the data (K/k, S, T,p). As usual, j denotes the 
complex conjugation automorphism of K, viewed as an element of Q. The precise 
statement, to be proved in ^5.31 below, is the following. 

Theorem 5.6 (The Equivariant Main Conjecture). Under the above hypotheses, 
we have the following equality of ideals in % P [[G]]~ ■ 

Fitz p [ [er (T p (Xi r )-) = (eg° T ) ). 

Let K' be the cyclotomic Z p -extension of k and Tk '■= G{Kf /k). As in the proof 
of Theorem I4.6f 2). the exact sequence 

res*- / .w 

1 G{K/K') Q ^ T k 1 

is split. We fix a splitting, i.e. we fix a subgroup T of g which is mapped iso- 
morphically to L^ by res^/^/. We let K :— KF denote the maximal subfield of K, 
fixed by T. Then, Galois theory combined with the fact that g is abelian, implies 
that K/k is Galois, K ■ KJ = K. and KJ n K = k. If we let G := G(K/k), Galois 
restriction induces group isomorphisms 5~Gx Lfe, Y ~ T^, and GQC/KJ) ~ G. 
Below, we freely identify these groups via these isomorphisms. Obviously, if is a 
CM number field whose cyclotomic Z p -extension is K. We let j denote the complex 
conjugation automorphism of K as well. We fix a topological generator 7 of Y and 
identify it via the Galois restriction isomorphism with a generator of Y^. For any 
finite extension O of Z p , we have isomorphisms of compact 0[G] algebras 

(21) 0[[g}] ~ 0[G][[Y]} ~ 0{G][{t}], o[[g]f ~ oiGi+m ~ O^Ift]]. 

Above, ©[G] 1 * 1 := 0[G]/(1 Ti), i is a variable, and the right-most isomorphisms 
send 7 to (t + 1), as usual. 

5.1. The work of Wiles on the Main Conjecture [34]. In order to simplify 
notations, in this section we assume that fi p C K (i.e. /x p oo C /C.) Let c := uj ■ n be 
the decomposition of the p-cyclotomic character c := c p of g into its Teichmuler 
component u) := uj p and its complement in the Appendix. Note 
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that, in this case, u and n factor through G and F, respectively. Let u be the 
element in (1 + pZ p ) given by u := ^(7). 

We fix an embedding C C p . Via this embedding we identify G(C) and G(C P ). 
A character ip G G(C P ) is called even if ip(j) = 1 and odd otherwise. Let O be a 
fixed finite extension of 7L V which contains the values of all ip € G(C P ). We fix a 
uniformizer tt in O and denote by Q(0) the field of fractions of O. In [7], Deligne 
and Ribet proved that for every character ip G G(C P ), there exist power series 
Gt), s(t) and s(t) in 0[[i]], uniquely determined by the following properties. 
(22) 

f t, if V = 1g; G^ iS {u m ~ 1) 7- / / — m -1 \ w ^ ~ 

^ \ 1, otherwise; vv ' ~ 

The reader may consult §1 in [34] and §4 in [23] for the properties above and note 
that, since K H Kf = k, all the non trivial characters of G are of "type S", in the 
terminology used in loc.cit. 

By definition, the S'-incomplete p-adic L-function L Pt s{4>,s) associated to an 
even character ip S G(C) is given by 

Gfs(« s - 1) 



(23) L p , s {ip,\-s)= S£ Z, 



The function L p ^s(ip, s) is p-adically analytic everywhere, except for a possible pole 
of order 1 at s — 1, if ip = lg- 

Remark 5.7. As an immediate consequence of the functional equation for the 
global L-functions Ls{x, s) considered above, we have Ls{Xi 1 — m ) — 0, whenever 
X and 1 — m have the same parity, for all m G Z>i and all x £ G(C). Assume 
that if ip is an odd character. Then ipuj~ m and 1 — m have the same parity, for 
all m G Z>x- Consequently, we have Ls(ipuJ~ m , 1 — m) — 0, for all m G Z>i. 
Therefore, G^, i s(t) = and L Pi s(ip,s) = 0, for all odd characters ip. 

For simplicity, if L is a subficld of if containing k, we denote by Xl the Galois 
group of the maximal abelian pro-p extension of C := L ■ K,' (the cyclotomic 1 p - 
extension of L), which is unramified away from the primes above those in S. We 
view Xl as a module over Z p [[G(£/k)]} ~ Z p [G(L/k)} [[T]] (and consequently over 
Z p [[(?]]) in the usual way. Note that Xk is the module we denoted by Xs in §3.31 
We will continue to use Xs instead of Xk in what follows. The modules Xl and 
are finitely generated, respectively torsion and finitely generated modules over 
A := Z p [[r]] (a classical theorem of Iwasawa [M].) 

Let ip G G(C p ) be an even character. Let K$ := K kcl "^ be the largest subfield 
of K fixed by the kernel of ip. We have G(K^/k) ~ F x H, where H is the p- 
Sylow subgroup of G{K^ /k) and F is its maximal subgroup of order coprime to p. 
Consequently, ip (viewed as a character of G(K^/k)) splits as ip — <p ■ p, with ip a 
faithful character of R (of order coprime to p) and p a faithful character of H (of 
order a power of p.) Let h be a generator of H and assume that ord(/i) = p", for 
some n G Z> . Let e v := 1/\F\ X)/gf v(/) ' f 1 be the idempotent associated to 
(p. Note that e v G ©[-F 1 ]- The following definition of "character /z-invariants" of 
Xs is due to Greenberg (see [21], pp. 656-657.) 
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Definition 5.8 (Greenberg). Letip € G(C P ) be an even character. Then ti^ t o(Xs) 
is defined to be the \i-invariant fio(Xg) of the 0[\T]] -module 

x ^ ._ { (h^ 1 - l)e v {X Ki> ® Zp O), ifn> 1; 
5 ' \ e v (X K ^ ® Zp O), otherwise. 

Note that if the character ip has order coprime to p, i.e. ip = tp and n = in the 
above notation, then we have 

e v (X K + ®z p C) = {xe {X K ^ ®z p O) I gx = ip{g)x,Vg e G(K^/k)}. 

This reconciles the definition above with Wiles's definition (see (34], p. 497) of 
"character /i-invariants" for characters of order coprime to p. (See also Definition 
11.6.14 in [21].) 

The following is the statement of the classical (non-equivariant) Main Conjec- 
ture for the module Xg, proved by Wiles in [32]. Below, we denote by m 7 the 
multiplication-by-7 automorphism of all the relevant vector spaces. 

Theorem 5.9 (Wiles). For every even character ip £ G(C), we have 

G^ s {t) ~ 7r^ <*»> • det Q(C3) ((< + 1) - m 7 | e^{X s ®z p Q(O))), 

where ~ denotes association in divisibility in the ring 0[[t]] and is the idempotent 
associated to ip in Q(0)[G\. 

Proof. (Sketch.) For characters ip of order coprime to p, the statement above is 
the combination of Theorems 1.3 and 1.4 in 34 . For arbitrary characters, [34] 
contains a proof of the statement above only up to a power of tt (Theorem 1.3. 
loc.cit.) However, once one has the right definition of /i^,e>(3-s) (see above), one 
can deduce the statement above for arbitrary characters ip without much difficulty 
from Theorems 1.3 and 1.4 in [33] restricted to the case of the trivial character and 
base fields and K^p, respectively (see Theorem 11.6.16 in [21] for a proof.) □ 

Remark 5.10. As proved by Greenberg (see Proposition 1 in [lOj ). we have an 
equality of monic polynomials in 0[t] 

det Q(0) ((i+l)-m 7 I e^(X 5 (g) Zp Q(C))) = dct Q(0) ((<+l)-m 7 | e v ,(X^«)z p Q(C))), 

for all even tp. Also, it is easy to see that 

e^(X K ^ ®i v Q(0)) = Xg" ® Q{0) , 

for all even Tp. Consequently, the right hand- side of the equivalence ~ in Theorem 
\5.9\ is precisely the characteristic polynomial charo[[r]](Xg) of the 0[\V\\-module 
Xg. On the other hand, by definition, Xg is an 0[[T]]-submodule of (Xk^ ®i p O). 
As such, it is a torsion O^F\\-module with no finite non trivial 0[[T]]~submodules 
(a classical theorem of Iwasawa.) Consequently, Q&Q\^y,Xg = 1 (see Lemma \4.7\ ) 

and its first Fitting ideal Fito[\r]]{%s) is principal, generated by charger]] {Xg) (see 
Lemma 2.4 in [23] and also Proposition \ 7. 0( 1 ) in the Appendix.) This leads to the 
following equivalent, and perhaps more elegant formulation of Theorem 1 5. 91 

Fite>[[r-]](£f ) = (Gip,s{t)), for all even ip, 
where (G^,,s(t)) denotes the principal ideal of 0[[T]] generated by G^, t s(t). 
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In light of this reformulation, it would be natural to expect that a G -equivariant 
refinement of Theorem 1 5. 9\ would give the Fitting ideal Fitz p [[cj]]+ (Xg) in terms of 
an equivariant p-adic L-function. Unfortunately, in general, the Z p [[Q]\ + -module 
X^ has infinite projective dimension, which makes its Fitting ideal non-principal 
and difficult to compute. This is the main reason why the module Xg is replaced 
with T p (A4g , a Z p {{Q]]~ -module of projective dimension 1 (see Theorem \4-6\ 
above), whose Fitting ideal is principal (see Proposition \ 7. 13( 1 ) in the Appendix). 
Moreover, T p (A4g has a quotient isomorphic to (Xj)*(l) (see Remark \3.10\ ) 

Corollary 5.11. If the ^-invariant Hz p (Xg) of the Z p [[r]] -module X§ is 0, then 
the following hold for all even characters ip G G(C P ). 

(1) AV.o( x <s) = 0- 

(2) G^ iS (t) ~ det Q ^ )((t + 1) - m 7 I e^(X s ®z„ Q{0))) in 0[[t]\. 

Proof. (2) is a consequence of (1) and Theorem 15.91 Part (1) is proved as follows. 
It is easily seen that Galois restriction gives an isomorphism of Z p [[£/]]-modules 
Xg ~ %k+ j where K + is the maximal real subfield of K . Also, since ip is even, we 
have C K + and Galois restriction leads to an exact sequence of Zp[[£/]]-modules 

X K + ^ X^ ^ G{K^ n K'/k) 1 . 

Since G(K^ n /C'/fc) is finite and ^^(X^) = 0, we have /j,z p (%k^) — 0. Conse- 
quently, we have [i {X K ^ ®i p O) = 0. Therefore pLo[e v {X. K ^ ®z p O)) = and 
H>i>,o(Xs) = 0. We have used the fact that the yu-invariant of a quotient or sub- 
module of an Iwasawa module is at most equal to that of the module itself. □ 

5.2. The relevant equivariant p adic L functions. For simplicity, we will con- 
tinue to assume that fi p C K , unless otherwise stated. If R is a commutative ring 
with 1, we denote by Q(R) the total ring of fractions of R. By abusing nota- 
tion, we denote by L,t m : Q(0[[Q]}) ~ Q(C[[^]]) the unique Q(C)-algebra au- 
tomorphisms obtained by extending to Q(0) [[<?]] the Z p -algebra automorphisms 
L,t m : Z p [[Q]] ~ Z p [[£/]] defined in §7.21 of the Appendix, for all raeZ. 

As usual, we freely identify 0[[Q}] and Q{0[[Q}]) with 0[G)[[t}] and Q{0[G] [[<]]), 
respectively, via the first isomorphism in (|2 1 1) . By abusing notation once again, 
we let ip : 0[G][[i\] — > 0[[t]] denote the unique 0[[t]) -algebra morphism extending 
if) : G ->■ O, for all V G G(C P ). 

Remark 5.12. Note that the non zero-divisors of 0[G][[t]] (respectively 0[G\) are 
precisely those elements f G C[G][[<]] (respectively f G 0[G]j with the property that 
i/j(f) in 0[[t]] (respectively in O), for all if) G G(C P ). 

We consider the following power series in ^©[G] [[£]]: 

G s (t):= J2 G 4>,s(t)-e^, H s (t) := J2 H 4>,s(t) ■ ^ = t • e lG + (1 - e lo ). 
Observe that, for all m G Z, we have equalities 

i(e^) = e^-i, tm(e^) = e^-», i{t) = (1 + t) -1 - 1, t m {t) = u m {l + 1) - 1, 
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for all characters rp £ G(C P ). Consequently, we have the following, for all m G Z. 

(iot m )(G s (t)) = G^^.s^il + t)- 1 -l)-eip, 

iped(c P ) 

(iot m ){H s {t)) = {u m {l + t)- 1 -l)-e u m + {l-e um ). 

For every n G Z>o, we let K n denote the unique field, with K C K n C /C and 
[if n : K] = p". We let G„ := G{K n /k) and note that G„ ~ G x T/Tp". We 
denote by 7r„ : 0[[Q\] -» C[G Tl ] the usual (surjective) O-algebra morphism induced 
by Galois restriction. By applying the remark above to the group rings [[£/]] and 
0[G n ], it is easily seen that |G|(t o t m )(Hs) is not a zero-divisor in [[£/]], for all 
m 0. Moreover, 7r„(|G|(t o t m )(Hs)) is not a zero-divisor in 0[G n ], for all n. Let 

T := {/ £ 0[[G]] | 7r n (/) not a zero-divisor in 0[G„], Vn}, T„ := 7r n (T) . 

It is easily proved that T n is in fact the set of all non zero-divisors of 0[G n }. As a 
consequence, we have an equality T~ 1 0[G n ] = Q(0[G n ]) = Q{0)[G n ]. The mor- 
phisms 7r„ above can be uniquely extended to surjective G(0)-algebra morphisms 
(for simplicity, also denoted) 7r„ : T -1 £>[[(/]] -» Q(0[G n ]), whose projective limit 
gives an injective <3(0)-algebra morphism 

T~ 1 0[[g}} hmQ(0[G n ]). 

n 

Next, we consider the element 

= (LQh)(G s (t)) \G\(L h)(G s (t)) r -i nUG]] 
93 ■ (Lo tl )(Hs(t)) \G\(Lo tl )(H s {t))^ ^ JJ ' 

and describe its images it n {gs) in Q(0[G n ]), for all n. In order to do that, let 

e4 n) (s) :=Q s ,K n /k(s), VneZ> 

be the ^-incomplete G„-equivariant L-function associated to K n /k. According to 
Siegel's Theorem 15. 1[ we have 

6^(1 - m) € Q[G n ] C Q(0[G n ]), VneZ> , Vm6% 

Moreover, the inflation property of Artin L-functions implies that 

(9^ l) (l - m)) n e KmQ(0[G n ]), Vto e Z> x . 

n 

We let 65°°^(1 — m) := (©g (1 — m)) n and view it as an element of \imQ(0[G n ])- 

n 

Lemma 5.13. For all m G ^>i ? we have. 

(i) ii_ m (<? s ) e r- 1 ©!^]] 
)(= 



(2) e<°°>(l - to) = h- m (g s ) in T~ 1 0[[G}}. 



Proof. Part (1) follows from the observation that the element 

h-mQGftLOtMHs)) = \G\(iot m )(H s ) 

belongs to T, for all m £ 1>\. Part (2) is equivalent to 

rt n (ti- m (gs)) = ©s (1 - m), 
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for all m G Z>i and all n G Z>o. This is Proposition 4.1 in 23 . Note that in 
loc.cit. our power series (t o ti)(Gs{t)) and (t o ti)(Hs(t)) are denoted Gs(t) and 
Hs(t), respectively. However, gs denotes the same element in T _1 0[[C/]]. □ 

Next, we use the additional set of primes T to eliminate the denominators of the 
elements t\- m (gs) in T _1 0[[C/]], for all m 6 Z>i. For that purpose, we consider 

:= 5 TtK (n)/ k , 6 S " T := @s,T,K(")/k = &T,KW/k ' ©s.xOO/Jfe) 
viewed as holomorphic functions C — > C[G„], for all n G Z>o- Note that we have 

^(l - m) := (4 n) (l - m)) n G limZ p [G„] = Z p [[£]], 

n 

for all m G Z>i, as an immediate consequence of the definition of the s. Con- 



sequently, since T C\ S v = %, Remark 15.51 implies that 

(6^ (1 - m)) n G UmZ p [G„] = Zp [[£]], Vm G Z>i. 

We let Og°y (1 — m) := (6^(1 — m))„ and view these as elements in Z p [[(?]]. 
Lemma 5.14. For all m G Z>i, we ftove i/ie following equalities in Z p [[(/]]. 

(1) 4 oo) (l-m)=t 1 _ m (4 oo) (0)). 

(2) 0<g(l - m) = h-miS^iO)) ■ h- m (g s ) = t!_ m (eg(0)). 

Proof. Let m be as above. From the definitions, we have 

4 oo) (l-m)=n(l-(^ ) )- 1 -NO, 

where <r^°°' ) is the Frobenius morphism associated to v in Q. Now, since TDS P — 0, 
we have c(cri 00 ' ) ) = Nu, for all v G T. Combined with the last displayed equality, 
this implies part (1) of the Lemma. Part (2) is a direct consequence of part (1) 
combined with Lemma I5.13f 2'l. □ 

Corollary 5.15. We have the following. 

(1) g s G r^1 p [[G}}, where T Zp :=Y D Z p [[Q}]. 

(2) Gsel/\G\Z p [[G]]. 

Proof. Part (1) follows from Lernm.a lS.14f 2) with m — 1 and the obvious observation 
that ^(O) G T Zp . Part (2) is an immediate consequence of part (1) and the fact 
that H s € l/|G|Zp[[£]]. □ 

Definition 5.16. The S -incomplete, respectively S -incomplete T-modified, G- 
equivariant p-adic L-functions 0^?°^ G ^z~ 1 Z p [[^]] and 6g°y G Z p [[C/]] associated 
to (/C/fc, S,T,p) are defined by 

} := } (o) = 5S , eg := e<$(o) . 

For consistency, we let S^ ^ := (Sj^\o)) n G Z p [[£/]]. 
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Remark 5.17. Note that, by Lemmas \5.13\ and \5.14\ we have 

eg = 4 oo) ■ eg 

for all m £ Z>i. Obviously, the link between Og^ and the classical p-adic L- 
functions L p (t(), s) defined in (|23|) is given by 

(24) x(eg) = X (4~>) • ^fil + rr?? • 

H x -x u)i s{uO- + t) 1 - 1) 

/or all characters \ £ G(C P ). ^4/so, noie i/iai since /or all odd characters ?p 6 
G n (C p ) we have G^s = (see Remark \5. 7| ) and p is odd, we have 

e£° } e i(i-i) -r^Zptie]], eg g |(i-i) -z p [[e]]. 

In what follows, we view eg! and O^ 50 as elements of both 1/2(1 — .?')Z P [[(?]] and 
Z p [[(5]] - = Z p [[C/]]/(l + j) via the ring isomorphism 1/2(1 — j)Z p [[£7]] ~ Z p [[(?]]"' 
given by reduction modulo (1 + j). 

Remark 5.18. In this section we assumed that \x p C K (i.e. fj, p °c Q JC). This 
hypothesis was used whenever the twisting automorphisms t m of with respect 

to the various powers c m of the p-cyclotomic character c of Q were needed. 

However, even if {j, p % K , we can still construct any object * in the list Gs(t), 
Hs(t), Qg(s), (s), &st( s ) f or the data (JC/k, S, T,p), just as above. Let K := 
K(fj, p ), K = K{/ip), G := G(Kjk), G„ := G(K n /k), Q := G(JC/k). Further^ let* 
denote the analogue of* for ()C/k, S, T, p). By abuse of notation, let n : C[G n ] -* 
C[G n ], ir : [[<?]] -» 0[[Q}], etc., denote the O -algebra morphisms induced by Galois 
restriction. The inflation property of Artin L-functions immediately implies that 

7r(*) = * , 

for all * as above. Consequently, we can construct equivariant p-adic L-functions 

eg : = (eW(o)) n G r-%[[g}]- and eg : = (eg(o))„ e z p [[g}}-, for 

(JC/k, S,T,p). Obviously, these will satisfy 

T(efe ) ) = eg° T >. 

5.3. The Proof of the Equivariant Main Conjecture. In this section, we prove 
Theorem 15.61 Consequently, we work under the hypothesis pijc — 0. In particular, 
we have Hz, p (%s) — 0. (Recall from classical Iwasawa theory that A*z p (Xj) = /i^ p , 
for all sets S as above.) 



Lemma 5.19. It suffices to prove Theorem \5.6\ under the assumption that /x p C JC. 

Proof. Assume that \± p % JC. With notations as in remark above, let A := G(K/JC). 
Also let M :— Mg r and M := M.~~, where S and T are the sets of primes in JC 
sitting above primes in S and T, respectively. Since 

ker(^ : Z p [[£]]- -» Z p [[£]]") = / A Z p [[£]]", 
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where I a is the augmentation ideal in Z p [A] , Corollary 14.81 implies that we have 
isomorphisms of Z P [[Q}]~ -modules 

T P (M)~ ~ Tp (M)-/I*T p (M)- ^T P (M)- ® Zj>m _ Z P [[G}]-. 

Consequently, the second equality in (I44[) (Appendix) implies that we have 

F^ p[[g]] -T p (M)- = n(Fit Zp[m _T p (M)-). 

Now the last equality in Remark [5 . 3l shows that Theorem l5.6l for the data (IC/k, S, T,p) 
implies the same result for the data (IC/k, S,T,p). □ 

As a consequence of the above Lemma, we may and will assume that (j, p C K, 
throughout the rest of this section. Now, note that Theorem l4.6f 1) shows that the 
Z p [G]~ -module T p (Mg is projective. Consequently, if we apply Proposition 
I7.2f 1) (see Appendix) for the semi-local ring R :— Z p [G]~, g :— 7 and the i?[[r]]- 
module M := T p (A4^ 7 -)~ , we conclude that Theorem 15.61 is equivalent to the 
following association in divisibility in Z p [[£/]] ~ ~ Z p [G]~ [[t]]: 

(25) eg ~ det Zp[G] -((t + 1) - m 7 | T p {M% T )-). 

Lemma 5.20. For all odd characters x G G(C P ), we have the following in 0[[t]]. 

(1) G x - lw , s ( w (l+i)- 1 -l) ~ x (det Q{0)[G] ((t + 1) - m 7 | T P (M% >9 )- ®i v Q(O))) . 

(2) /i(G x -i U) s(tt(l + t)^ 1 — 1)) = 0, with notations as in Corollary \ 7. 9\ 

Proof. (1) Combine Corollary I5.11f 2') and Lemma I7.5f 3). applied to the lattice 
C := ®i p O and n = 1 to conclude that 

G x -i u , s (u(l + 1)- 1 - 1) ~ x (det Qio)[G] ((t + 1) - m 7 I (X+)* (1) ® Zp Q(O))) . 

Now use the Z p [[<5]]-module isomorphism T p (Mg a)~ ~ (X^)*(l) given by Lemma 
13.91 to conclude the proof of (1). 

(2) This follows from (1) and the fact that the right-hand-side in (1) is a monic 
polynomial in 0[t] (see Lemma 17.51 in the Appendix.) □ 

Lemma 5.21. If Q(0) is endowed with the trivial Q-action, then: 

(1) H s (t) = det Q(0) [G]((i + 1) - m 7 I Q(0)). 

(2) For all odd x G G(C P ), we have an association in divisibility in 0[[t]]: 
H x -i u>s (u(l + ty 1 - 1) ~ x(det Q(0)[G] ((t + 1) - m 7 | Q(C)(1))) . 

(3) For all odd x G G(C P ), we have /j,(H x -i u} ^s( u (^ + t) ~ 1)) = 0; with 
notations as in Corollary \ 7. 9\ 

Proof. Part (1) is clear from the equality Hs(t) :— t ■ e± G + (1 — e\ a ). Part (2) is a 
direct consequence of part (1), and Lemma T7.5f 3) applied to £ := O (with trivial 
^-action), V = Q(0), and n = 1. Observe that Q{0)*(1) ~ Q{0){1). Part (3) 
follows from (2) and the fact that the right-hand-side in (2) is a monic polynomial 
in 0[t] (see Lemma 1731 in the Appendix.) □ 

Lemma 5.22. The Z p [[(/]] -module T p (Ak:,t) satisfies the following. 
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(1) T p (A K , r ) * ® v£T ^ P {[<3\\/{5r), where 6 ( v °°> := (1 - (4 00 )- 1 • N«). 

(2) Fit Zp[[g]] T p (A K , r ) = (4°°). 

( 3 ) P d z p [[G]] T p( A ^r) = 1 pd Zp[G] Tp(A,c,r) = 0. 

(4) 4°°> ~ det Zp[G] ((i + 1) - m 7 | T p (A K , r )) Z p [[0]] 

(5) f i( X (S ( T oo) ))=0,for all X eG(C p ). 

Proof. (1) For every uGT, let us fix a prime «;(«) € 7" sitting above v. Then, we 
have an obvious isomorphism of Z[[C?]]-modules 

where Q v is the decomposition group associated to v in (topologically generated 
by cri 00 )) and n(w(v)) denotes, as usual, the residue field associated to w(v). This 
induces an isomorphism of Z p [[(J]]-modules 

T p (A K . r ) * (T p (k(w(v))*) ® Zp[[ g v]] Z P [[G]}) . 

v<£T 

The isomorphism above combined with Lemma 17.4( 4) (see Appendix) applied to 
the extension k(w(v)) / k(v) of Galois group Q v , for q := card(K(t>)) and a q = cri 00 -* 
concludes the proof of (1). 

(2) is a direct consequence of (1) and the definition of the Fitting ideal. 

(3) Note that if a € Z p , such that cri 00 - 1 = 7° and a v is the Frobenius associated 
to v in G, then we have 

~ K ■ (t + 1) Q - Nv) in Zp[[0]] ~ Z p [G\[[t]]. 

Consequently, x($v ) = + t) a — Ni>) is not a zero divisor in Z p (x) [[*]], 

for all x G G(C P ) and therefore 8i°°^ is not a zero divisor in Z p [[£]], for all beT. 
This observation combined with the isomorphism in part (1) leads to the equality 
P d z p [[g]] T p(^!C.r) = 1- Now, in order to obtain the equality pd Zp[G] r p (A Ki7 -) = 0, 
one applies Lemma [4.71 for M := T p (A/c.t) an d H := G, keeping in mind that 
T p (Afc }T ) is Z p -free. 

(4) This is a direct consequence of (2) and (3) combined with Proposition [772^1) 
applied for R := Z p [G], g := 7 and the R[[T}} = 1 p [[G}} -module M := T p (A K<T ), 

(5) This is a direct consequence of (4) and the fact that the right-hand-side in 
(4) is a monic polynomial in Z p [G][[i]] (see Remark |7. II in the Appendix.) □ 

Remark 5.23. Note that the proofs of (1), (2) and the first equality in (3) of the 
above Lemma are independent on our assumption that Q ~ G x Y . 

Now, we are ready to prove ([23)) above. Let 

9:= eg, F:=det Zp[G] -((i+l)-m 7 \T P [M% T )~). 

We view and F as power series in Z p [G]~[[i]] and plan on using Corollary 17.91 
(see Appendix) to show that O ~ F. Note that, in fact, F is a monic polynomial 
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in Z p [G]~[i] (see Remark 1 7. II in the Appendix). Consequently, with notations as in 
Corollary I7.9[ we have 

(26) M ( X (F))=0, V X eG(C p ), X odd. 

Now, Lemma r5.20f 2). Lemma [5721J3) and Lemma F5.22T 5) combined with equality 
(l24l) above show that 



(27) M ( X (6))=0, V X eG(C p ), X odd. 

Now, exact sequence (fTS"]) combined with equality (|24j) and Lemma r5.20f 1). Lemma 
E2H2) and Lemma 1027 4) show that the following holds in 0[[t}]. 

(28) x(9) ~ X (det QmG] -((t + 1) - m 7 | T p {M% r )- ®z p Q(Oj) = X (F), 

for all odd x e G(C P ). Now, as a consequence of (|26j) . ([27| and ([28]). Corollary 17791 
in the Appendix leads to 

e~FinZ p [G]-[[t]], 
which concludes the proof of (|2~5j) and that of Theorem 15.61 □ 

Corollary 5.24. Under the hypotheses of Theorem \5.6[ we have 

Fitz p[m ((T P (M^ T r)*) = V^ p[m {T p {Ml r )-) = (e<$, 1(1 + j)) 
where (T p (A4g j-) - )* := Homz p (Tp(.Ms j-) - ,Z p ) wzi/i t/ie coinvariant Q-action. 

Proof. Theorem I4.6f 1) permits us to apply Proposition I7.2f 3) (see Appendix) to 
M := T p (Adg ■ The latter implies the first equality above. The second equality 
is a direct consequence of Theorem [5761 Note that in the statement of the Corollary 
Sgy is viewed as an element of Z p [[(?]]■ □ 



6. Applications of the Equivariant Main Conjecture 

In this section, we give two application of Theorem 15 .61 proved above: the first is 
a proof of a refinement of an imprimitive version of the Brumer-Stark Conjecture, 
away from its 2-primary part (see Theorem 16.51 below) ; the second is a proof of 
a refinement of the Coates-Sinnott Conjecture, away from its 2-primary part (see 
Theorem 16.111 and Corollary 16.191 below.) Of course, these theorems are proved 
under the assumption that the relevant classical Iwasawa ^-invariants vanish. 

In what follows, if M is a Zp[["H]]-module, for some prime p and some abelian 
profinite group U, then M v := Hom Zp (M, Q p /Z p ) and M* := Hom Zp (M,Z p ) de- 
note its Pontrjagin and Z p -module dual, respectively, depending on the context, 
M v and M* will be endowed either with the covariant H-action ( a f)(m) := /( CT m) 
or the contravariant one ( CT /)(m) := f( a 1 m), for all m G M, a G %, and all 
/ G M v and / G M*, respectively. 

Throughout this section, we let K/k be an abelian extension of number fields 
of Galois group G and let S be a fixed finite set of primes in k, containing the set 
Siajn(K/k) U Soo. We will use the notations introduced at the beginning of fJH 
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6.1. The Brumer-Stark Conjecture. We fix a non-empty, finite set T of primes 
in k, such that S fl T = 0. We assume that T contains either at least two primes 
of distinct residual characteristics or a prime of residual characteristic coprime to 
Wk '■— \^k\, where fix denotes the group of roots of unity in K. (It is easily seen 
that this last condition is equivalent to the non-existence of non trivial roots of 
unity in K which are congruent to 1 modulo all primes in T .) 

For simplicity, we let 0s,t := ®s,T,K/k denote the S'-incomplete, T-modificd 
G-equivariant L-function associated to (K/k,S,T) at the beginning of Note 
that, under our assumptions, Remark l5.5l for m = 1 gives 

9 s ,t(0) 6 Z[G]. 

In order to simplify notations, we let S and T also denote the sets of primes in K 
sitting above primes in the original sets S and T, respectively. Similarly, depending 
on the context, Soo will denote the set of infinite primes in either K or k. As in §4.3 
of [H], to the set of data (K,T), one can associate a T-modified Arakelov class- 
group (Chow group) CH 1 (if)y, endowed with a natural Z[G]-module structure, as 
follows. First, one defines the divisor group 

Div(K) T :=( Z.«;)0( R-w), 

where the direct sums are taken over all the primes w in K. Then, one defines 

deg KT : Biv(K) T -> K 

to be the unique degree map which is Z-linear on the left direct summand and 
K-linear on the right and satisfies 

^ , , ( log |Niu|, if w is a finite prime; 

e &K,T\ w ) ' y i if u> is an infinite prime. 

We let Div(K)^ := ker(deg KT ). Next, one defines a divisor map 

div^ : K£ ->■ Div(if)y, div^(a;) := ord w (a;) • w + ^ (— log \x\ w ) ■ w, 

where ord^, and | • \ w denote the canonically normalized valuation and metric associ- 
ated to w, respectively and K^, denotes the subgroup of K x consisting of elements 
congruent to 1 modulo all primes in T. Finally, one defines 

^ >T divx(^) 

If endowed with the natural quotient topology, this is a compact group whose 
volume is the absolute value of the leading term Q Tk (0) at s = of the modified 
zeta function Cs,T,k '= ©s,T.fc/fc : C — > C associated to k (see loc.cit.) 

Remark 6.1. Note the difference, both in notation and definition, between the 
finite divisor group T>ivx,T and divisor map divx defined in ^2.1A and, respectively, 
the Arakelov divisor group Dyv(K)t and divisor map divK defined above. The link 
between the finite T-modified class-group Ck,t defined in " A2. 6 A and the compact T- 
modified Arakelov class-group CH 1 ^)!^ defined above is captured by the following 
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obvious exact sequence of T\G\ -modules. 

„ yrw CH . (K) c _^ Ck , t _^ . 

div^l^r) 

Above, Div(K) (S oo ) := K • u denotes the W-vector space of Arakelov divi- 

sors of degree supported on Soo (denoted by RXs^ in [24] ) and J/r-.t denotes the 
group of units in K which are congruent to 1 modulo all the primes in T. (See $4-3 
°f [H] for the exact sequence above.) 

In §4.3 of [53], we proved that the Brumer-Stark Conjecture BrSt(i^/fc, S) for 
the data (K/k, S) (as stated, for example, in Chpt. IV, §6 of [32]) is equivalent to 
the following statement. 

Conjecture 6.2 (Brumer-Stark). Let (K/k,S) be as above. Then, for all sets T 
satisfying the above conditions, we have 

BrSt(A7fc, S,T) : 6 S , T (0) e Ann^jCH 1 {K)° T . 

Remark 6.3. Let us fix (K/k, S,T) as above. It is easily seen that if S contains 
at least two primes which split completely in K/k, then 6s,t(0) =0. If S contains 
exactly one prime which splits completely in K/k, then Os,t(0) = unless k is 
an imaginary quadratic field, K/k is unramified everywhere and S = Soo- In the 
latter case, the proof of Conjecture BrSt(if/fc, S, T) is an easy, albeit instructive 
exercise: Indeed, according to Corollary 4-3.3 (top change) in [24] . one can assume 
that K is the Hilbert class-field of k. In that case, it is easily seen that 

9 CT( o) = n.^'- N "> . NG , 

where v runs through primes in k, Ng := ^2 aeG o~ is the usual norm element in 
Z[G], and Wk is the cardinality of the group of roots of unity Hk in k. Now, the 
desired annihilation result follows from the fact that ideals in k become principal in 
K (Hilbert's capitulation theorem) and the exact sequence of abelian groups 

1 >" >■ A fc , T + Ck.T C k 1. 

(See exact sequence (| 10|) and note that Uk = fJ-k in this case.) We leave the re- 
maining details to the interested reader. As a consequence, it suffices to study the 
Brumer-Stark Conjecture in the case where k is totally real and K is totally 
imaginary. ( Otherwise, S will contain at least one infinite prime which splits 
completely in K/k and the above considerations settle the conjecture in that case.) 

Now, Proposition 4.3.7 in [24] provides us with the following additional reduction. 

Proposition 6.4. Let (K /k, S,T) be as above. Assume that k is totally real 
and K is totally imaginary. Let K be the maximal CM subfield of K , let 
Gcm '■= G(K CM /k) and ®s.t '■= ^st K/k- Then, the following are equivalent, 
for all primes p > 2. 

(1) 6 s ,t(0) e Ann Zp[G] (CH 1 (liOg,®Zp). 

(2) Q S:T {0) e Axm ZAGaM] {C K cM tT ® Z p )~. 
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Proof. See Proposition 4.3.7 in [24]. The upper script " " in (2) refers to the action 
of the unique complex conjugation morphism in G CM on (C^om t eg) Z p ). □ 

As a consequence of the Equivariant Main Conjecture (Theorem I5.6j) . we can 
prove the following refinement of statement (2) in the Proposition above, under 
certain hypotheses (see below.) In what follows, S p denotes the set of p-adic primes 
in k and fJ-x, P denotes the Iwasawa /i-invariant associated to the number field K 
and the prime p. 

Theorem 6.5. Let (K/k, S,T) be as above and let p be an odd prime. Assume 
that K is CM, k is totally real, S p C S and \xk, p — 0. Then, we have 

BiBt(K/k,S,T,p) : G S , T (0) G Fit Zp[G] ((A" T ) v ), 

where Ak.t '•= (Ck,t ®> Z p ) and the dual is endowed with the covariant G-action. 

Proof. In what follows, all occurring Zp-module or Pontrjagin duals are endowed 
with the covariant action by the appropriate groups. 

We let K, be the cyclotomic Z p -extension of K and Q := Gal(/C/fe). As usual, 
we let S and T denote the sets of finite primes in K, sitting above primes in S and 
T, respectively. Note that the hypotheses of Theorem 15.61 are satisfied by the data 
(tC/k,S,T,p). Consequently, Corollary 15. 241 implies that 

(29) eg e Fit Zp[[e]] ((T P 0M£ r )-)*) . 

Now, recall that, with notations as in §2.21 and under the current hypotheses, the 
Z p [ [Q]} -module 

n 

is a torsion, divisible Z p -module of finite co-rank and that the transition maps in 
the injective limit above are injective (see Lemma I2.9H Consequently, since A~^ T 
is finite, we can fix n £ N, such that we have an inclusion of Z p [[£?]]- modules 

A K.T £ A Kr [p n }. 

The inclusion above induces a natural surjection of Z p [ [Q]] -modules 

(30) a k,t\pT ^( A k,t) V - 
Next, we need the following elementary result. 

Lemma 6.6. Let p be a prime, H a profinite abelian group, and M a Z p [[H]] - 
module. Assume that M is Z p -torsion, divisible, of finite corank. Then there exist 
canonical isomorphisms of Z p [[H]] -modules 

M[p m ] v ~ T p (M)* ® Zp 1/p m 1 , for all m e Z> x . 

Proof. Fix to £ Z>i. There is a canonical isomorphism of Z p [["H]] -modules 

T p (M)* ~ M y . 

This induces a canonical isomorphism T p (M)* / p m ~ M v /p m . However, the exact 
functor * — )• Hom Zp (*, Qp/Zp) applied to the exact sequence 

M[p m ] M M 
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induces an isomorphism Af v jp m ~ M[p m ] y . This concludes the proof. □ 

Consequently, we obtain the following surjective morphisms of Z p [[(?]]— modules. 

(31) {T P {M% T )-f -» T p {Ak,tT - ^,rb n ] v - {A K . T Y ■ 

The first surjection above is obtained by taking Z p -duals in exact sequence ()13|) . 
Note that T p (A^ 7 -) = T p {Ak.,t)~ ■ Also, note that the exact sequence (fT"3"]) is split 
in the category of Z p -modules (because T>ivjc(S\S p )~ ®7L p is Z p -free) and therefore 
it stays exact after taking Z p -duals. The second surjection is given by Lemma 16.61 
applied to M := A% j-, m := n, H := Q. Finally, the third surjection is (|3U|) above. 

Now, apply the first part of (|4"4")l in the Appendix for R := Z p [[Q]], M := 
(T p (A4g and M' := (A^ T ) v , in combination with the surjections (|3Tj) as 

well as ([H]) above to conclude that we have 

05°°T G Fit Zp[[g]] T p (X^ r )- = Fit Zp[[g]] (T p (X^ r )-)* C Fit Zp[[5]] ((^, T ) V ). 
Now, consider the projection ir : Z p [[Q]] -» Z p [G] given by Galois restriction. By 
the definition of 65°^, we have 

7r(e£s>) = 0s,t(o), a- kt ~ ^ T ® Zp[[g]] z p [G], 

where the isomorphism is viewed in the category of Z p [G]-modules. Consequently, 
([44]) (see Appendix) applied for M := A^- T and p :— it implies that 

e s , T (o) e Fit Zp[G] ((^ T ) v ), 

which concludes the proof of the Theorem. □ 

Corollary 6.7. Assume that (K/k, S,T) satisfy the hypotheses in Conjecture 1 6. £1 
Let p be a prime. If k is totally real and K is totally imaginary, assume that p is 
odd, S p C S and [x k cm p — 0. Then, we have: 

BrSt(K /k,S,T,p) : 9 s ,t(0) G Ann Zp[G] (CH 1 (X)° ® Z p ). 

Proof. Combine Theorem 16.51 with Proposition ^. 41 and Remark 16.31 and note that 

Fit Zp[G] (Af v ) C Ann Zp[G] (M), 

for any Z p [G]-module M, if M v is endowed with the covariant G-action. □ 

Remark 6.8. Some cases of the Brumer-Stark Conjecture over an arbitrary totally 
real number field were also settled by the first author in [11] with different methods 
and working under somewhat more restrictive hypotheses. See Theorem 10 in loc.cit. 

6.2. The Coates-Sinnott Conjecture. As usual, K/k is an abelian extension 
of number fields of Galois group G, and S is a finite set of primes in k, such that 
S xaia (K/k) US^QS. 

If p is a prime number, we let H* t (Oj^s [1/p] , Z p (n)) denote the z-th etale coho- 
mology group of the affine scheme Spec(Oif i s[l/p]) = Spec(Oj^sus p ) with coeffi- 
cients in the etale p-adic sheaf Z p (n), for all i G Z>o and all n G Z>2. Also, for 
every m G Z>o, we let K m (OK,s) denote the m-th Quillen K-group of Ok,s- For 
the definitions and properties of these etale cohomology groups and K-groups, the 
reader may consult Kolster's excellent survey article [17]. For a discussion closer in 
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spirit to the current section, the reader may consult |23j as well. In the present con- 
text, all these etale cohomology and K-theory groups come endowed with natural 
Z p [G]-module, respectively Z[G]-module structures. 

Quillen showed in [25] that K m (C>K,s) is a finitely generated abelian group, for all 
m. Borel showed in pQ that we have the following remarkable equalities 

0, if i = 2; 

ord s=( i_„) (k,s(s), if i = 1, 

for all n > 2, where Ck,S is the ^-incomplete zeta-function associated to K. For 
all primes p > 2, Soule [30] and later Dwyer-Friedlander [8] constructed surjective 
Z p [G] -linear p-adic Chern character morphisms 

(33) ch; jn :K 2 „_i(O ir , s )®Z J) ^H l ei (0K,s[l/p],Zp(n)), V* = l,2, Vn e Z> 2 . 

Soule proved in |31j that these morphisms have finite kernels. Similar morphisms 
have been defined for p — 2 (see [8].) Their kernels and cokernels are finite but non 
trivial, in general. 

Consequently, the group Hg t (0x,s[l/p], Z p (n)) is finite while Hgj(Cif ) s[l/p], Z p (n)) 
is finitely generated over Z p of Z p -rank equal to ord s= n_ n 'j Ck,s(s), for all p and 
all n > 2. If i > 3, the group Hg t (0#- Z p (n)) vanishes for p > 2 and is a 

finite, 2-primary group for p = 2 (see [T7], §2.) 

With notations as in Sj5] we have the following. 

Lemma 6.9. For all n > 2 and all primes p, the following hold. 

(1) We have a 'L p [G\~module isomorphism 

Rl t (0 K , s [l/p},Z p (n)) t0IB ~ (Q p /Z p (n)) G ^ . 

(2) We have an equality ofZ p {G] -ideals 

Ann Zp[G] (Hi ( (0 K ,s[l/p],Z p (n)) tors ) = (5 TjK/k {l - n) \ T), 

where T runs through all the finite, non-empty sets of primes in k which 
are disjoint from S n S p . 

(3) Ann ZplG] (Rl t (0 Ki s[l/p},Z p (n)) toi . s ) ■ 6 s , K/fe (l - n) C Z p [G]. 

Proof. For (1), see §2 in [17]. Note that in loc.cit., the author deals with the 
etale cohomology groups of Spec(0ft-[l/p]) rather than those of Spec(0K-,s[l/p])- 
However, for all n and p as above, Soule's localization sequence in etale cohomology 
(see [30]) establishes an isomorphism of Z p [G] -modules 

(34) Rl t (0 K [l/p},Z p (n)) ~ Rl t (0 KtS [l/p],Z p (n)). 

Part (2) follows from part (1) and a well-known lemma of Coates (see Lemma 
2.3 in [1] and its proof.) Also, see the proof of Corollary 15.31 above. 



Part (3) is a direct consequence of part (2) and Corollary 15. 31 above. □ 

Conjecture 6.10 (Coates-Sinnott, cohomological version). For all (K/k, S,p ,n) 
as above, the following holds. 

CS(K/k,S,p,n) : Ann Zp[G] (H^(0 K ,s[l/p], Zp(n)) totB ) • e s>K/k (l - n) C 

C Ann Zp[G] (R 2 et (0 K ,sWp]Mn))). 
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With notations as above, let e n (K/k) be the idempotent in Z P [G] given by 
ILes^fc) U 1 + (- 1 )" cr f )) if k is totally real; 



e n {K/k) 



0, otherwise, 



where a v is the generator of the decomposition group G v , for all v £ S oa (k). The 
main goal of this section is a proof of the following refinement of the conjecture 
above, under the expected hypotheses. 

Theorem 6.11. Assume that (K/k, S,p ,n) are as above. If k is totally real, 
assume that p > 2 and ^k{h ) CM ,p — 0> where K(fi p ) CM is the maximal CM- 
subfield ofK(fip). Then, the following holds. 

CS(K/k,S,p,n) : Ann Zp[G] (H^(0^s[l/p], Z p (n)) tors ) • Q StK/k {l - n) = 

= e n {K/k) ■ Fit Zp[G] (H2 t (0^ s [l/p],Z p (n))). 

Proof. We begin by making a few useful reduction steps. 

Lemma 6.12. It suffices to prove statement CS(K/k, S,p ,n) under the assump- 
tion that S p C S, where S p denotes the set of p-adic primes in k. 

Proof. This is an immediate consequence of (|34[) and the obvious equality in Z p [G] 

®sus P ,K/k(l-n) = e s<K/k (l-n)- J] (l-a-'-iNvT), 

ves p \s 

for all n and p as above. Indeed, for all v £ S P \S, the element (1 — er^ 1 • (Ni>) n ) is 
a divisor of (1 — p m ) in Z p [G], for a large to (say, m such that p m = |k(w)|™, for w 
prime in K dividing v) and it is therefore a unit in Z P [G]. Therefore, the elements 
@sus p ,if/fc(l ~ n) and 6s,k/*(1 - n ) differ by a unit in Z P [G]. □ 

Lemma 6.13. It suffices to prove statement CS(K/k, S,p ,n) under the assump- 
tion that k is a totally real number field. 

Proof. Indeed, the functional equation satisfied by the 5-incomplete L-function 
associated to a character \ G C(C) implies the following formula for the order of 
vanishing at s = (1 — n), for all n 6 Z>2- 

,,,, , r / x f r 2 (fc) + a(x) + , if n is odd; 

(35) ord s= d_ n) L S '(x, s) = <^ , . 

v ' 1 > VA ; [ r 2 (fc) + a(x) , if n is even, 

where r 2 (fc) denotes the number of complex infinite places in k, 

a(x) + = card{w 6 S^k) \ x \g v = !(?„}> a(x)~ = cardjv e Soo(fc) | x \g v ¥= !<?«}• 

Note that a(x) + + &(x) _ = ^i{k), the number of real infinite places in k. The 
above formula shows that if r 2 (fc) > (i.e. if k is not totally real), then we have 
®S,K/k(l ~ n ) = 0) f° r au n £ Z> 2 . This concludes the proof of the Lemma. □ 

Lemma 6.14. Assume that K/k is an abelian extension of number fields, of Galois 
group G, with K C K and 5 , ram (fC/A:) C S. Then, for all p > 2 and n as above, 

CS(K/k, S,p , n) =*> CS(K/k, S,p,n). 
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Proof. Let us fixp > 2 and n as above. In order to simplify notations, we let W K := 
Rl t (0 KtS [l/p},Z p (n)) and similarly for W~, for all i = 1,2. Let H := G{K/K). 

Galois restriction induces the usual Z p -algebra morpliism ir : 7L V [G] -» Z p [G] , whose 
kernel is the relative augmentation ideal Ir associated to H in Z p [G]. Proposition 
2.10 in [17] gives a canonical Z p [G]-module isomorphism 

where A/ H := M [iff] and M H := M/I H M ~ M ® Zp[G] Z p [G] denote the modules of 

iJ-invariants and 7i-coinvariants, respectively, associated to any Z p [G]-module M. 
The isomorphism above combined with the second equality in f|44[) of the Appendix 
(applied for p := it, R := Z p [G], R' :— Z p [G], and M := H 2 K gives 

(36) 7r(Fit Zjj[g] (H|)) - Fit Zp[G] (H^). 

The above equality combined with the obvious equalities ir(e n (K /k)) = e n (K/k), 
7r ( e s,if/fe( 1 ~ n )) = S:A7fc(l ~ n) and 

(37) 7r(Ann Zp[5] (HL) tors ) = Ann Zp[G] (H^) tors 

concludes the proof of the Lemma. (Apply Lcmma l(xW 2) for the last equality.) □ 

Lemma 6.15. With notations as in the previous Lemma, assume that k is totally 
real, K is totally imaginary and K := K CM is the maximal CM subfield of K. 
Then, for all p > 2 and n as above, we have 

CS(K/k,S,p,n)^CS{K/k,S,p,n). 

Proof. Let us fix p > 2 and n as above. We use the notations in the proof of the 
previous Lemma. Note that H is the 2-group generated by the set 

{a v ■ ov | v,v' e Soo(k), v ^ v'}. 

This shows that, for all x £ G(C), we have 

x\h^1h => L s (x,l-n)=0, X (e n (K/k))=0. 

Indeed, if \ \h z / z Iff, then there exist v,v' 6 Soo(k), with v ^ v' , such that 
x( a v) = 1 and x(cv) ^ 1- On one hand, this shows that x( e n(K/k)) = 0. On 
the other hand, it shows that a(x) + > 1 and a(x)~ > 1- Now, implies that 
-^s(X)! ~ n) — 0, for all n > 2. Consequently, if en '■= \If\~ 1 ■ J^heH^ 1 * s the 
idempotent element associated to H in Z p [G] (note that p\ |-ff|), we have 

®s,K/k( l ~ n ) e c hQ p [G]i e n {K/k) e e H Z p [G}. 

Now, note that since Z p [G] = effZ p [G] © (1 — eff)Z p [G] and iff = (1 — e#)Z p [G], 
the map 7r establishes a ring isomorphism 7r : effZ p [G] ~ Z p [G]. Consequently, ([55)) 
and (pT7| imply that 7r establishes an isomorphism at the level of en Z p [G]-ideals 

7T : e ff Fit Zjj[g] (H|) ~ Fit Zp[G] (H^), tt : e ff Ann Zjj[g] (H^ ) tors ~ Ann Zp[G] (H^ ) tors . 

Now, the equalities n(e n (K /k)) = e n (K/k) and 7r(6 s ^ fe (l — n)) = Qs,K/k(^ — n ) 
conclude the proof of the Lemma. □ 
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Now, we are ready to return to the proof of Theorem 16. Ill We fix (K/k, S,p) as 
in the theorem. According to the previous four Lemmas, we may assume that k is 
totally real (otherwise, the statement is trivially true, according to Lemma 16.131) . 
S p C S (see Lemma |6.12[) . K is CM and fi p C K (otherwise, we replace K by 
K(fj,p) and apply Lemmas 16. 151 and !6.14[ respectively.) Under these hypotheses, 
we assume in addition that p > 2 and px.p = 0. 

As usual, we let K. denote the cyclotomic Z p -extension of K, Q := G(/C/fc) and 
L := G(K/K). We fix a finite, nonempty set T set of primes in K, such that SnT = 
0. Also, we let S and 7" denote the sets of finite primes in /C sitting above primes in 
S and T, respectively. For simplicity, we let &s '■= ®s,K/ki ©s,t := ®s,T,K/k an d 
5t '■= $T.K/k an d resume using all the notations introduced in [JSJ In particular, 
j G Q denotes the unique complex conjugation automorphism of K, (identified as 
usual with the complex conjugation automorphism j £ G of K.) Note that we have 

e n :=e n (K/k) = ^(l + (-l) n j), VneZ. 

We view e„ either as an element of Z p [[£/]] or Z p [G], for all n 6 Z. Observe that if 
M is a Z p [ [Q]} -module and n € Z, then e n M = if n is even and e n M = M~, 
if n is odd. Also, note that as a consequence of (1351) we have 

(38) S (1 - n) = e„ • 6 S (1 - n), S>T (1 - n) = e„ ■ SjT (l - n), Vn 6 Z> 2 . 

In what follows, all the occurring Z p -module duals or Pontrjagin duals are en- 
dowed with the contravariant actions by the appropriate groups, unless stated 
otherwise. We will need the following elementary result. 

Lemma 6.16. Let M be a "L p [[Q]\ -module. Assume that M is 1 p -free of finite 
rank and that Mr is finite. Then. 

(1) M r = 0. 

(2) (Mr) v ^ (M*) r , as Z P [G] -modules. 

(3) //pd Zp[[a]] M < 1, then pd Zp[G] M r < 1. 

Proof. Part (1) is immediate. For part (2), see Lemma 5.18 in [TJ]. Part (3) is an 
immediate consequence of Z p [[</]] r = and Z p [[Q]] r — Z p [G]. □ 

Proposition 6.17. Let n S Z>2, p > 2, and W K := W et (OK,S>'^'p( n ))> f or a ^ 
i = 1,2. Then, we have Z p [G]-module isomorphisms 

(1) e„.H^c(X+(-n) r ) v ^(X+(-n)*) r ; 

(2) e n ■ = e„ • (H Rr ) t0 rs — (H^) t0 rs — Z p (n)r, 

where M r and Mr denote the Z p [G]-modules of T -invariants and T-coinvariants, 
respectively, for all Z p [[(/]] -modules M. 

Proof. Let W K+ := W et {0 K + <s , Z p (n)), for all i = 1,2, where if+ := iP=\ as 
usual. Then, Proposition 2.9 in [17 shows that there is a canonical Z p [G]-module 
isomorphism H^. + ~ (H^)" 1 ". Consequently, (f53"f and (|3"2"j) together with (f3"5"j) give 

rank, (e„ • & K ) = ( r2 ^Jr n{K+) > * n ! S ° dd; } = 0. 
p v K; [ r 2 (K + ), if n is even J 
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Consequently, e„H^ is a finite group. On one hand, this implies the equality in 
part (2) of the Proposition. On the other hand, via the spectral sequence argument 
on pp. 237-238 of [T7] this leads to isomorphisms of Z p [G]-modules 

e " ' Hjc — e n ' Hl t (0 K , s ,Q p /Z p (n)) ~ e„ • H^Ggg, Q p /Z p (n)) r , 

where G^ g is the Galois group of the maximal pro-p extension of K, which is un- 
ramified away from S and the right-most cohomology group is a Galois cohomology 
group. Now, since /x p cc C }C and therefore G^' s acts trivially on Q p /Z p (n) and 

since Xs is the maximal abelian quotient of G£ s , we have the following isomor- 
phisms of Z p [G] -modules. 

H^Gjgj.Qp/Zptn)) 1 " ~ Hom Zp (G^ 5 ,Q p /Z p (n)) r 

~ Hom Zp (£ 5 ,Q p /Z p (n)) r ~ (X 5 (-n) r ) v . 

Now, the first isomorphism in part (1) of the Proposition follows from the last two 
displayed isomorphisms and the obvious equality e n ■ Xs(—n) = Xg(—n). 

The second isomorphism in part (1) follows from Lemma 16.16( 2) applied to 
M := %g(—n). Note that the finiteness of H^- and the first isomorphism in part (1) 
of the Proposition imply that Xg(—n)r is finite. Also, Xg( — n) is finitely generated 
over Z p (a theorem of Iwasawa) and therefore Z p -free of finite rank (a consequence 
of /iA'.p = 0.) This concludes the proof of part (1) of the Proposition. 

The isomorphism in part (2) of the Proposition is an immediate consequence 
of the isomorphism (H^-) t0 rs — (Q P /^ P (n)) r (see Lemma l6.9f 1) and recall that 
fip<*> C K.) and the obvious equality Q p (n) r = Q p (n)r = 0. □ 

Note that the hypotheses of Lemma 13.91 and Theorem 15.61 arc satisfied by the 
data (K./k,S,T,p). Lemma I3~9l and exact sequence (fPoj) tensored with Z p (n — 1) 
lead to the following four term exact sequence of Z p [[(7]]-modules. 

(39) Zp(n) -> r p (Ajc,r)~(n -!)-»• T p (M% tT )-(n - 1) -»• X+(-n)* 0. 

We intend to apply Proposition l7.3l in the Appendix to the sequence of T-coinvariants 
associated to the exact sequence above. 

First, let us note that each of the four modules in the exact sequence above 
is Zp-free. Most importantly, the module of T-coinvariants associated to each of 
these is finite. Indeed, Z p (n)r and (Xg(—n)*)r are finite, due to Proposition ^. 171 
On the other hand, Lemma [5T22f 1) and Rcmark l5.23l combined with Lemma OJl) 
in the Appendix imply that we have a Z p [G]-module isomorphism 

Tp(Ax;,r)(n - l)r ^ © Z P [G]/(1 - a" 1 ■ K). 

Since n > 2, the element (1 — a^ 1 ■ A") is not a zero-divisor in Z p [G], for all 
v G T. Consequently, the above isomorphism implies that T p (Aicf)( n — l)r is 
finite. Therefore, its direct summand T p (Aicf)~ ( n — l)r is indeed finite. Now, the 
finiteness of T p (A4g (n — l)r follows from the exact sequence 

T p (A K , r )-(n - l) r -> T p (M% tT )-{n - l)r -)■ (X+(-n)*) r 0. 
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Now, Lemma 16 . 1 61 implies that the T-invariants of the four modules in (|39j) are triv- 
ial. Consequently, we obtain the following exact sequence of finite Z p [G]-modulcs 
at the level of T-coinvariants 

(40) -»• e„ • Hi- -> T p {A^ T )~(n - l)r -> T p {M% T )-{n - l)r -> e„ • U 2 K -> 0. 

Above, we have used Proposition 16.171 to identify the T-coinvariants of the end 
terms of (|39f with e„ • and e n • H^-, respectively. 

Since pd Z p[[g]] r p (A/c,r)~ < 1 and pd Zp[[g]] T p (.A/f;!5 r )~ < 1 (see Lemma E25[3) 
and Remark 15.231 for the first and Theorem 14. 6f 2) for the second), we have 

pd Zp[G] (T p (A KtT )-(n - l) r ) < 1, pd Zp[G] {T p {M% T )-{n - l) r ) < 1, 

as a consequence of !7.4f 3) and Lemma [6. 16T 3^I . Consequently, we may apply Propo- 
sition 17.31 in the Appendix to the exact sequence (l4Tfl) . This way, we obtain 

(41) Fit Zp[G] (e„H^ V ) • Fit Zp[G] (T p (M^ r )-(n - l) r ) = 

= Fit Zp[G] (e„H^) • Fit Zp[G] (T p (A K , r )-(n - l) r ). 

where the dual is endowed with the covariant G-action. Now, let us note that for 
any Z p [[£?]]-module M and Z p [G]-module N, we have 

e„ • M(n - 1) = M-(n - 1), e„ ■ Fit Zp [G] (N) = Fit e „ Zp[G] (e„ • JV). 

Consequently, if we combine Lemma I7.4f 2) in the Appendix with Corollary 15.241 
and Lemma T5.22r 2). respectively, we obtain 

e„ • Fit Zp[G] (T p (M% tT )-(n - l) r ) = e n ■ (tt o ti_ n (e£2)) = (9 s ,t(1 - n)), 

e« • Fit Zp [ G ](T p (A K ^ r )"(n - l) r ) = e„ • (7r o ii_ n (<&r )) = e„ • (5 T (1 - n)), 

where tt : Z p [[C?]] — »• Z p [G] is the usual projection. Note that above we have used 
the second equality in (|38j) . Consequently, (14H implies that 

Fit Zp[G] (e„Hi f V ) • 9 S>T (1 - n) = e„Fit Zp[G] (H^) • (5 T (l - n)). 

However, since 0,5^(1 — n) = <5t(1 — n)-&s0-~ n ) an d <5r(l — n) is not a zero-divisor 
in Z p [G] (an easy exercise !), the last equality implies 

Fit Zp[G] ((Hl ) t L) • 6s(l - n) = e„Fit Zp[G] (H^). 

Now, since (H^) tor s is a cyclic module (see Lemma r6.16f 2)) and the dual is endowed 
with the covariant G-action, we have equalities 

Fit Zp[G] ((H^) t L) = Ann Zp[G] ((H^) t L) = Ann Zp[G] ((H^) tors ). 

When combined with the last displayed equality, this concludes the proof of Theo- 
rem ESI (our refinement of the cohomological Coates-Sinnott Conjecture.) □ 

Remark 6.18. Results somewhat weaker than our Theorem \ 6.11\ were obtained 
with different methods in [2], Corollary 2 (which imposes restrictions upon K/k 
and p) and [22], Theoreme 4-3 (which imposes restrictions upon K/k and n.) In 
both cases, the vanishing of the appropriate Iwasawa /i-invariant is assumed. 

Finally, we would like to mention that the well known Quillen-Lichtenbaum 
Conjecture states that the Chern character maps ch l p n (see (|33| above) are iso- 
morphisms, for all p > 2 and n > 2. On the other hand, it is known that the 
Quillen-Lichtenbaum Conjecture is a consequence of the Bloch-Kato Conjecture for 
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finitely generated fields (e.g., see Theorem 2.7 in [17].) To our knowledge, recent 
work of Rost and Voevodsky has lead to a proof of the Bloch-Kato Conjecture. 

The following is an immediate consequence of Theorem 16.111 

Corollary 6.19 (a refined K-theoretic Coates-Sinnott Conjecture). Let K/k be 
an abelian extension of number fields of Galois group G. Let S be a finite set 
of primes in k, such that S !X> (k) U S lam (K/k) C S. If k is totally real, assume 
that Hk(h ) om ,p — 0; f or a M primes p > 2. Also, assume that the Quillen- 
Lichtenbaum Conjecture holds. Then, for all n £ 1>2, we have the following 
equality of Z[1/2][G] -ideals. 

Z[l/2] Ann z[G] (K 2n _i(0 K> s)tor B ) • 6 S (1 - n) = 
= e n (K/k) • Z[l/2] Fit z[G] (K 2n _ 2 (0 x , s )). 

As the reader will notice right away, the K-theoretic statement above is closer in 
spirit to the conjecture originally formulated by Coates and Sinnott in [5]. The 
difference is the presence of a Fitting ideal rather than an annihilator on the right- 
hand side and an equality rather than an inclusion of ideals. These differences 
justify the use of the term "refined" above. 

7. Appendix: Algebraic Ingredients 

7.1. Determinants and Fitting Ideals. Let R be a commutative ring with 1, P a 
finitely generated, projective P-module and / £ End^(P). Then, the determinant 
de% R (f P) of / acting on P is defined as follows. We take a finitely generated 
P-module Q, such that P © Q is a (finitely generated) free P-module, then we let 
/ © 1q £ End_R,(P © Q), where 1q is the identity of Q, and define 

detfl(/ | P) := det fl (/ ffi 1 Q | P ffi Q) . 

It is easy to check (use Schanuel's Lemma !) that the definition above does not 
depend on Q. Now, one can use the same strategy to define the characteristic 
polynomial detn(X — f | P) £ R[X] of variable X. Indeed, P ®r R[X] is a finitely 
generated, projective P[X]-module. One defines 

det R (X - f | P) := det R[x] (id P © X - f ® 1 | P ® R PLY]) . 

For any P, P and / as above and any P-algebra P', we have base-change equalities 

det fl (/ | P) = detfl- (/ © l fl/ | P © fl P') , 

(42) 

d&t R {X - / | P) = det fl /(Jf - (/ © I**) | P © fl , P') . 

Remark 7.1. P zs easily checked that the polynomial F(X) := dct R (X — / | P) m 
P[X] defined above is always a monic polynomial. 

Now, for any P as above and any finitely presented P-module M, the first Fitting 
invariant (ideal) Fit^(M) of M over P is defined as follows. First, one considers a 
finite presentation of M 

R n R m *~ M »- . 
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By definition, the Fitting ideal Fit r(M) is the ideal in R generated by the deter- 
minants of all the m x m minors of the matrix A^, associated to <f> with respect to 
i?-bases of R n and R m . It is well-known that the definition does not depend on 
the chosen presentation or bases, and 

(43) Ann fl (M) m C Fitfl(M) C Ann R (M) . 

Two elementary properties of Fitting ideals which are used throughout the paper 
state that if M -» M' is a surjective morphism of finitely presented -R-modules and 
p : R — > R' is a morphism of commutative rings with 1, then one has 

(44) Pitfl(M) C Fitn(M'), Fit w (M ® R R') = p(Fit R (M))R' . 

For more details on general properties of Fitting ideals, the reader can consult the 
Appendix of [15] . 

In what follows, if R is a commutative topological ring and F is a profinite group, 
then the profinite group algebra 

R[[F}] := limi?[r/£], 

where F/S) are all the finite quotients of F by (open and) closed subgroups Sj, is 
viewed as a topological i?-algebra endowed with the usual projective limit topology. 

Below, by a semi-local ring R we mean a direct sum of finitely many local rings. 
Examples of such rings include 0[G] and C[G] ± := 0[G]/(1 =F j), where G is a 
finite, abelian group, O is a finite integral extension of Z p , for some odd prime p 
and j is an element of order 2 in G. 

Proposition 7.2. Let R be a commutative, semi-local, compact topological ring 
and F a pro-cyclic group of topological generator g. Let M be a topological i?[[r]]- 
module, which is projective and finitely generated as an R-module. Let 

F(X) :=det R {X~m g | M), 

where m g is the R[\F\\ -module automorphism of M given by multiplication by g. 
Then, the following hold. 

(1) M is finitely presented as an R[\F\] -module. Also, if we let F(g) be the 
image of F(X) via the R-algebra morphism R[X] — > R[[F\\ sending X to 
g, we have an equality of R[[F]]-ideals 

Fit R[[r]] (M) = (F(g)) . 

(2) Let M R := Hom R (M,R), viewed as a topological R[[F]]-module with the 
covariant F -action, given by a ■ f{x) := f(a-x), for all f € Mg, a G F and 
x € M. Then, we have 

Fit R[[r]] (M) =Fit R[[r]] (M* R ) . 

(3) Assume that R = 7j p [G], where G is a finite, abelian group and p is a prime 
number. Let M* := Homz p (M, Z p ), viewed as an R[\F\] ~ Z P [[G x r]]- 
module with the covariant G x F -action. Then, we have 

Fit H[[r]] (M*) =Fit H[[ r]](M). 
Proof. See Proposition 4.1 and Corollary 4.2 in [15] . □ 



AN EQUIVARIANT MAIN CONJECTURE 



47 



Proposition 7.3. Let R :— Z P [G], for some finite abelian group G and prime 
number p. Assume that we have an exact sequence of finite R-modules 

- A P P' A 1 >■ 0. 

Further, assume that pd z r G ]P < 1 and pd Zjj [ G ]P' < 1. Then, we have 

Fit fl (A v ) • Fitii(P') = Fit fl (A) • Fit fl (P), 
where the dual A y := Hom(A, Q p /Z p ) is endowed with the covariant G-action. 

Proof. See Lemma 5, p. 179 of [2.. In loc.cit. this result is proved for general finitely 
generated Zp-algebras R which are Zp-free and relatively Gorenstein over Z p . Also, 
note that pd Zp [ G ]P = if and only if P = (and similarly for P'), in which case 
the equality above is immediate. □ 

7.2. Twisting. In what follows, we fix an odd prime p, a field k of characteristic 
different fromp and a Galois extension JC/k. We let Q := Gal(/C/fc) and assume that 
the group of p-power roots of unity fi p x is contained in /C. As usual, we denote 
by c p : Q — » Z* = Aut(/Xp~) the p-cyclotomic character of Q and decompose 
c p := uj p ■ k p in its tame (Teichmuller) and wild components, uj p : Q — > fJ- p -i and 
K p ■ Q (1+pZp), respectively. For simplicity, we let c := c p , u := to p and k := k p . 

Let O be a finite, integral extension of Z p . We let QiO) denote its field of 
fractions. We consider the unique continuous isomorphisms of O-algebras 

t n :0[[g\]^o[[g]i L ..o[[g]]^o[[g]r 

satisfying t n (g) = c p (g) n ■ g and i(g) = g~ x , for all g 6 Q and all n G Z. For any 
0[[(?]]-module M and any n G Z, we let M(n) denote the usual Tate twist of M by 
c^. More precisely, M(n) := M with a new C[[C/]]-action given by A*a; := i„(A) -a;, 
for all A G and a; € M. Also, we let M* := Hom (M, O) and view it as 

an O [[£?]] -module with the contra-variant ^-action given by g ■ f[x) = f(i(g) ■ x), 
for all / G M*, x G M and g G Q. Throughout, O and Q(0) are viewed as a 
[[<?]] -modules with the trivial (/-action. Also, if M and N are C[ [5]] -modules, 
the M <E>o N is viewed as an [[£?]] -module with the diagonal ^-action. 

Lemma 7.4. Assume thatQ is abelian and M is a finitely presented 0[[Q]]-module. 
Then, for all n G Z, i/ie following hold. 

(1) Ann 0[[e]] (Af(n)) = t_„ (Ann 0[[e]] (M)); 

(2) Fit om (M(n)) =t_„(Fit op]] (M)); 

(3) P d o[[g]] M = P d o[[6]] M ( n )>' 

(4) // fc := F g is ifte finite field of q elements (p \ q), o q £ Q is the q -power 
Frobenius automorphism of JC, and M := T p (IC x ), then 

Fit Zp[[g]] (M(n)) - Ann Zp[[g]] (M(n)) = (1 - g» • cr" 1 ). 

Proof. For the easy proof of (1) and (2), see Lemma 3.1 in [23]. Part (3) is an 
immediate consequence of the existence of a unique Z p [ [Q]\ -module isomorphism 
Z p [[(?]] ~ Z p [[<?]] (n) which sends g — > c(g) n g, for all g G Q. Part (4) is derived from 
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part (2) as follows. Under the hypotheses of part (4), Q is a pro-cyclic group of 
(topological) generator a q . Since Z p is a cyclic Z p [[(/]] -module, (|43|) gives 

Fit z P [[s]]( Z p) = Ann z P [[e]]( Z p) = (1 - Oq 1 ) ■ 

Now, note that T p (IC x ) = T p (/i p ao) = Z p (l) and c{a q ) = q, and apply (1) with 
M := Z p . ' □ 

Throughout the rest of this subsection, we will assume that /C is a finite, abelian 
extension of Galois group G of the cyclotomic Z p -extension K! of k and that Q 
is abelian. Consequently, there is a non-canonical group isomorphism Q ~ G x T, 
where T ~ Z p . We fix a topological generator 7 of T. We identify £>[[£]], C[G][[r]] 
and 0[G][[i]] via the obvious C[G]-algebra isomorphisms 

0[[g]]^0[G][[T]]^0[G][[t]l 7 ->(*+!)■ 

We let X := /C r and identify G and T with G(K/k) and G(K.'/k) via the usual 
Galois-restriction isomorphisms. Note that since ^t p oo C /C, we have \x v C X. 
Consequently, lo and k factor through G and T, respectively. For simplicity, we 
assume that O contains the values of all the irreducible C p -valued characters of G. 
We denote by G(C P ) the set of all C p -valued irreducible characters of G and, for all 
X € G(C P ), we let e x := 1/|G| J2aeG X( a ) ' denote the idempotent associated 
to x m Q{0)[G]. Each x as above will be extended to the unique Q(0)[X]-algebra 
and Q(0) ®o C[[r]] -algebra morphisms 

X : Q(0)[G][X] -+ Q(0)[X], x ■ Q(O) ®o 0[[Q]] -> Q(C) ®o 0[[T}} 

which send g — » x(<?), for all <? S G, respectively. Also, for a polynomial P 6 
Q(C)[G][X], we denote by P(7) (respectively P(t + 1)) its image via the unique 
Q(C)[G]-algebra morphism Q(0)[G][X] -> Q(0) ®o which sends X 7 

(respectively X — »■ (i + 1).) 

Next, we let C denote an 0[ [Q]) -module, which is free of finite rank as an O- 
module. We consider the following Q(C7)-vector spaces 

V := Q(0) ®o A V* := Hom Q(0) (y, Q{0)) ~ Q(0) ®o £*, 

endowed with the usual Q{0) ®o 0[[<5]]-module structures. We consider the fol- 
lowing polynomials in Q(0)[G] [X] and Q(C)[X], respectively: 

Pv(X) := det Q(0)[G] (X-m 7 | V), P V , X ( X ) ■= x(M x )) = det Q(0) (X-m 7 | e x V), 

where m 7 denotes the automorphism of V and e x V given by multiplication with 7, 
for all x £ G(C P ). Observe that, for all x G G(C P ) and all n G Z, we have 

(45) X (tn{Pv(l))) = JV )XW -(«(7) W 7), X((^)(^(7))) = iV lX - 1 u,»(«(7) w 7 _1 ). 
Lemma 7.5. TTie following hold for all n 6 Z and a/Z x £ G(C P ). 

(1) // £ is a projective 0[G] -module, then Py/ n -\(X), Py*r n )(X) are monic 
polynomials in 0[G][X]. 

(2) Py( n \ x (X), Pv*( n ),x are mon ic polynomials in 0[X\. 

(3) Pv{n), x (i) ~ x(t-n(Pvh))) and P V *{n), X {l) ~ °*n)(- F V(7)))> ^ ere 
"~" denotes association in divisibility in the ring 0[\T]\. 
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Proof. Fix an n € Z and note that we have Q{0) <S>o 0\ [Q]} -module isomorphisms 
(46) V(n)~Q(0)[G]® [G\£(n), V* (n) ~ Q{0)[G] ® Q[G] C* {n). 
In order to prove (1), first note that if C is 0[G]-projectfve, then the 0[G]-modules 
C(n) ~ C®o 0(n) and £*(n) ~ £(— n)* are projective as well. Indeed, since the 
modules in question are O-free and O is a PID, their 0[G]-projectivity is equivalent 
to their G-cohomological triviality (See [37]; Ch. IX, §5, Theorem 7 for Z[G] 
modules. The same proof works for C[G]-modules, for a general PID O.) Now, 
apply the Corollary to Proposition 1 in [27 , Ch. IX, §3 to arrive at the desired 
result. (Loc.cit. deals with the case of Z[G]-modules. The same argument works 
for R[G] -modules, where R is a PID, in particular R = O.) Now, part (1) follows 
by applying (|4"2")l to conclude that 

Pv{n){X) = det Q[G] (X - m 7 | C(n)), P v , (n) (X) = dct a[G] (X - m 7 | C*{n)) . 
The monicity follows from Remark 1 7. II 

Part (2) follows similarly: First, one uses (|46|) to conclude that there are isomor- 
phisms of Q{0) ®o [[r]]-modules e x • V(n) ~ Q(O) <g>o e x ■ C(n) and e x ■ V*(n) ~ 
Q{0) ®e> e x • C*(n), where e x • C{n) and e x ■ C*(n) are viewed as (necessarily free) 
O-submodules of maximal rank in e x ■ V(n) and e x ■ V*(n), respectively. Then, 
(|4*21 gives the equalities 

p v(n), x ( x ) = det (X-m 7 | e x -C(n)), P v , {n):X (X) = dct (X-m 7 | e x -C*(n)), 
which conclude the proof of part (2). 

Next, we prove the second "~" in part (3). The first "~" is proved similarly. For 
every \ S G(C P ), we fix an O-basis x x of e x £. Note that x x is also a <5(C)-basis 
of e x V. Let A 7jX be the matrix of m 7 restricted to e x V with respect to this basis. 
Then, A 7iX S GL mx (C), where m x — Aoe x C = dimQ^e x V . It is easily proved 
that for all n and x as above, the matrix of m 7 restricted to e x • V*(n) — (e x -i u ™V)* 
with respect to the basis x*_ lu „ (dual basis of x x -i u n) is ^(7)" • (A _1 _ ltij „) t , 
where * stands for transposition. Consequently, (|4"5j) combined with the fact that 
det(A 7 . x -i w „) e O x and 7 G C[[r]] x imply that the following hold in 0[[T}]: 

Pv*(n), x h) = det( 7 • / mx _ lu „ - K ( 7 r-(A; 1 x _ lw „)*) 

- det( K (7)'V 1 • /m x _ lu;n - ^, x ->,») 

= x((to*n)(JV(7))) 

This concludes the proof of the Lemma. □ 

7.3. Equivariant Power Series. (Compare with §2 in [2].) Let G be an arbitrary 
finite abelian group, p a prime, and O a finite, integral extension of Z p which 
contains the values of all characters x G G(C P ). We let tt be a uniformizer of C We 
identify the set of Z p -algebra morphisms Hom(Zj,[G], O) with the set x £ G(C P ) of 
Cp-valued characters of G in the obvious manner. We let / denote a radical ideal of 
Z p [G] of pure codimension 1. It is easily seen that this means that / = n xe jr ker(x), 
for some set T C Hom(Z p [G], O). In what follows, we let 21 := Z p [G]/I. Obviously, 
T coincides with the set of Z p -algebra morphisms Hom(2l, O). Also, we have an 
injective Z p -algebra morphism 

21 — >® x O, x — > (x( a; ))xeHom(a,o)- 
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For every \ G Hom(2l, O), we abuse notation once again and let x also denote the 
unique 21 [{t]]— algebra morphism 

X :*[[*]] —>0[[t]], 
which sends x — ► x( x ), f° r au £ G 21. 

Definition 7.6. (1) The [i-invariant o/ a power series f G 0[[£]] is 
largest exponent r G Z>o, smc/i £/ia£ / G 7r r 0[[£]]. 

(2) ^4 power series F G 2l[[£]] is said to /iaue \i-invariant equal to (Wid we 
write /Lt(-F) = 0) if 

fi( X (F)) = 0, /or aU X G Hom(2l, O). 

(3) ^4 polynomial F G 2l[t] is said to be Weierstrass if x(F) * s a Weierstrass 
polynomial in 0[t] (i.e. x{F) * s monic and all its non-leading coefficients 
are divisible by tt ), for all x as above. 

Remark 7.7. The rings 21 considered above are the most general reduced quotients 
of Z P [G] of pure Krull dimension 1. It is easy to see that any ring 21 as above is 
admissible, in the sense of [2J, §2. Also, it is easy to prove that our definition of 
power series F G 2l[[£]] of /i -invariant equal to is equivalent with the definition in 
loc.cit., for all rings 21 as above. 

In the following, if R is a commutative ring with 1, and /, g G R, we write "/ ~ g 
in R" to mean that / and g are associated in divisibility in R, i.e. there exists a 
unit u G i? x , such that f — u ■ g. 

Lemma 7.8. Assume that F, 6 G 2l[[i]], such that fi(F) — /x(0) = and 

X(F) ~ x(O) m 0[[t}}, for all X G Hom(2l, 0). 
Then, we have F ~ in 2l[[f]]. 

Proof. Since /x(-F') = m(0) = 0, Proposition 2.1 in [2J (the equivariant Weierstrass 
preparation theorem) shows that there exist unique Weierstrass polynomials /, g G 
2l[£] and units w,i> G 2l[[£]] x , such that 

F = u-f, Q = v-9. 

This implies that we have Weierstrass decompositions in 0[[i\] 

X (F) = X (u) ■ x(/), x(9) = x(e)'X(9), 

with x( u )?x(' l; ) £ C[[^]] x an( i x(f)iX(@) Weierstrass polynomials in 0[t], for all 
X G Hom(2l, O). However, since the Weierstrass decomposition is unique in 0[[t]] 
(according to the classical Weierstrass preparation theorem), our hypotheses com- 
bined with the above equalities imply that 

X (f)=x(0), for all xGHom(2l f O). 
Consequently, we have f = and F — uv^ 1 ■ 0. Therefore, F ~ in 21 [ [£] ] . □ 

Now, let us assume that p is odd and that G has an element j of order 2. Let 
Z p [G]~ := Z P [G] / (1 + j) and call a character x G G(C P ) odd if x(j) = — 1. Clearly, 
7 := (1 +j) = fl x ker(x), where x runs through the odd characters of G. Therefore, 
21 := Z p [G]~ is a reduced quotient of Z p [G] of pure Krull dimension 1. Therefore, 
the following is a direct consequence of the above Lemma. 



AN EQUIVARIANT MAIN CONJECTURE 



51 



Corollary 7.9. Let F, 6 e Z p [G]-[[t}}, such that 

V(X(F)) = MX(©)) = 0, ~ X(©) m 0[[t]], 

/or all odd \ S G(C P ). Then, we have F ~ 6 m Z p [G]~[[i]]. 
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